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On the mountains of truth, you can never climb in vain:
either you will reach a point higher up today,

or you will be training your powers

so that you will be able to climb higher tomorrow.

— Friedrich Nietzsche
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Abstract

With the advent of cheap and ubiquitous measurement devices, today more data
is measured, recorded, and archived in a relatively short span of time than all data
recorded throughout history. Moreover, advances in computation have made it
possible to model much more complicated phenomena and to use the vast amounts
of data to calibrate the resulting high-dimensional models. In this thesis, we
are interested in two fundamental problems which are repeatedly being faced in
practice as the dimension of the models and datasets are growing steadily: the
problem of inference in high-dimensional models and the problem of optimization
for problems when the number of data points is very large.

The inference problem gets difficult when the model one wants to calibrate and
estimate is defined in a high-dimensional space. The behavior of computational
algorithms in high-dimensional spaces is complicated and defies intuition. Compu-
tational methods which work accurately for inferring low-dimensional models, for
example, may fail to generalize the same performance to high-dimensional mod-
els. In recent years, due to the significant interest in high-dimensional models,
there has been a plethora of work in signal processing and machine learning to
develop computational methods which are robust in high-dimensional spaces. In
particular, the high-dimensional stochastic filtering problem has attracted signifi-
cant attention as it arises in multiple fields which are of crucial importance such
as geophysics, aerospace, control. In particular, a class of algorithms called parti-
cle filters has received attention and become a fruitful field of research because of
their accuracy and robustness in low-dimensional systems. In short, these methods
keep a cloud of particles (samples in a state space), which describe the empirical
probability distribution over the state variable of interest. The particle filters use
a model of the phenomenon of interest to propagate and predict the future states
and use an observation model to assimilate the observations to correct the state
estimates. The most common particle filter, called the bootstrap particle filter

(BPF), consists of an iterative sampling-weighting-resampling scheme. However,
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BPF's also largely fail at inferring high-dimensional dynamical systems due to a
number of reasons.

In this work, we propose a novel particle filter, named the nudged particle
filter (NuPF), which specifically aims at improving the performance of particle
filters in high-dimensional systems. The algorithm relies on the idea of nudging,
which has been widely used in the geophysics literature to tackle high-dimensional
inference problems. In particular, in addition to standard sampling-weighting-
resampling steps of the particle filter, we define a general nudging step based
on the gradient of the likelihoods, which generalize some of the nudging schemes
proposed in the literature. This step is based on modifying the particles, generated
in the sampling step, using the gradients of the likelihoods. In particular, the
nudging step moves a fraction of the particles to the regions under which they
have high-likelihoods. This scheme results in significantly improved behavior in
high-dimensional models. Unlike the proposed nudging schemes in the literature,
the NuPF does not rely on Gaussianity assumptions and can be defined for a
general likelihood. We analytically prove that, because we only move a fraction
of the particles and not all of them, the algorithm has a convergence rate that
matches standard Monte Carlo algorithms. More precisely, the NuPF has the same
asymptotic convergence guarantees as the bootstrap particle filter. As a byproduct,
we also show that the nudging step improves the robustness of the particle filter
against model misspecification. In particular, model misspecification occurs when
the true data-generating system and the model posed by the user of the algorithm
differ significantly. In this case, a majority of computational inference methods fail
due to the discrepancy between the modeling assumptions and the observed data.
We show that the nudging step increases the robustness of particle filters against
model misspecification. Finally, we demonstrate the empirical behavior of the
NuPF with several examples. In particular, we show results on high-dimensional
linear state-space models, a misspecified Lorenz 63 model, a high-dimensional
Lorenz 96 model, and a misspecified object tracking model. In all examples, the
NuPF infers the states successfully.

The second problem, the so-called scability problem in optimization, occurs
because of the large number of data points in modern datasets. With the increas-
ing abundance of data, many problems in signal processing, statistical inference,
and machine learning turn into a large-scale optimization problems. For example,
in signal processing, one might be interested in estimating a sparse signal given
a large number of corrupted observations. Similarly, maximum-likelihood infer-
ence problems in statistics result in large-scale optimization problems. Another

significant application domain is machine learning, where all important training



methods are defined as optimization problems. To tackle these problems, com-
putational optimization methods developed over the past decades are inefficient
since they need to compute function evaluations or gradients over all the data for
a single iteration. Because of this reason, a class of optimization methods, termed
stochastic optimization methods, have emerged. The algorithms of this class are
designed to tackle problems which are defined over a big number of data points.
In short, these methods utilize a subsample of the dataset in order to update
the parameter estimate and do so iteratively until some convergence criterion is
met. However, there is a major difficulty that has to be addressed: Although the
convergence theory for these algorithms is understood, they can have unstable be-
havior in practice. In particular, the most commonly used stochastic optimization
method, namely the stochastic gradient descent, can diverge easily if its step-size
is poorly set. Over the years, practitioners have developed a number of rules of
thumb to alleviate stability issues.

We argue in this thesis that one way to develop robust stochastic optimization
methods is to frame them as inference methods. In particular, we show that
stochastic optimization schemes can be recast as inference methods and can be
understood as inference algorithms. Framing the problem as an inference problem
opens the way to compare these methods to the optimal inference algorithms and
understand why they might be failing or producing unstable behavior. In this
vein, we show that there is an intrinsic relationship between a class of stochastic
optimization methods, called incremental proximal methods, and Kalman (and
extended Kalman) filters. The filtering approach to stochastic optimization results
in an automatic calibration of the step-size, which removes the instability problems
depending on the step-sizes.

The probabilistic interpretation of stochastic optimization problems also paves
the way to develop new optimization methods based on strategies which are popu-
lar in the inference literature. In particular, one can use a set of sampling methods
in order to solve the inference problem and hence obtain the global minimum. In
this manner, we propose a parallel sequential Monte Carlo optimizer (PSMCO),
which is aiming at solving stochastic optimization problems. The PSMCO is de-
signed as a zeroth order method which does not use gradients. It only uses subsets
of the data points in order to move at each iteration. The PSMCO obtains an
estimate of a global minimum at each iteration by utilizing a cheap kernel density
estimator. We prove that the resulting estimator converges to a global minimum
almost surely as the number of Monte Carlo samples tends to infinity. We also
empirically demonstrate that the algorithm is able to reconstruct multiple global

minima and solve difficult global optimization problems.
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By further exploiting the relationship between inference and optimization, we
also propose a probabilistic and online matrix factorization method, termed the
dictionary filter to solve large-scale matrix factorization problems. Matrix fac-
torization methods have received significant interest from the machine learning
community due to their expressive representations of high-dimensional data and
interpretability of their estimates. As the majority of the matrix factorization
methods are defined as optimization problems, they suffer from the same issues
as stochastic optimization methods. In particular, when using stochastic gradi-
ent descent, one might need to try and err many times before deciding to use a
step-size. To alleviate these problems, we introduce a matrix-variate probabilistic
model for which inference results in a matrix factorization scheme. The scheme
is online, in the sense that it only uses a single data point at a time to update
the factors. The algorithm bears relationship with optimization schemes, namely
with the incremental proximal method defined over a matrix-variate cost function.
By way of intuition we developed for the optimization-inference relationship, we
devise a model which results in similar update rules for matrix factorization as for
the incremental proximal method. However, the probabilistic updates are more
stable and efficient. Moreover, the algorithm does not have a step-size parameter
to tune, as its role is played by the posterior covariance matrix. We demonstrate
the utility of the algorithm on a missing data problem and a video processing
problem. We show that the algorithm can be successfully used in machine learn-
ing problems and several promising extensions of the method can be constructed

easily.
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Introduction

1.1 Introduction

Given a scientific problem, every computational scientist collects observed data
and then develops a model of a phenomenon of interest in order to process the
data. The scientist then will seek ways to calibrate the free variables of the model
with respect to the observed data. In order to do so, the scientist can develop a
probabilistic model and recast the problem as an inference problem. Similarly, but
with a quite different philosophy, he or she can also formulate a cost function, thus
framing the problem as an optimization problem, where the free variables would
satisfy a certain cost criterion and a set of constraints when calibrated. In this
thesis, we are interested in developing computational schemes for some instances
of these two general computational problems of inference and optimization.
Inference, (or more specifically, Bayesian inference [1]), starts with formu-
lating a probabilistic model, in order to capture characteristics of a real world
phenomenon, in which the conditional dependence and independence between ob-
servations (observed data) and hidden variables of interest are defined via proba-
bility distributions. The task of an inference scheme is then to obtain the posterior
probability distribution, which is the distribution of the variables of interest condi-
tioned on observations. The main computations which need to be carried out given

a probability model are conditioning on the observed variables and marginaliza-
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Chapter 1. Introduction

tion of the latent variables to obtain the posterior distribution of the variables of
interest. Conditioning requires the application of the Bayes’ rule while marginal-
ization requires a possibly high-dimensional integration, neither of which can be
done in closed form in general. The computational problem here is then to ap-
proximate the processes of conditioning and marginalization using computational
statistical methods. Moreover, the need of computing expectations with respect to
the posterior probability distributions again results in the computation of possibly
high-dimensional integrals. In this thesis, we will be interested in such computa-
tional schemes for high-dimensional problems, e.g., sequential Bayesian computa-
tion schemes, such as numerical methods for stochastic filtering [2].

Similarly, the procedure of optimization starts from a model which is, in con-
trast to probabilistic models, described in the form of a cost function', rather than
as a collection of probability distributions. This cost function is usually defined
by taking the characteristics of the specific problem into account. In a similar
way to probabilistic modeling, the cost function explicitly defines the observed
data and the parameters of interest. The task is then to find the parameter set-
ting which minimizes the cost function by building a computational optimization
method which guarantees some criterion of descent. Usually, derivative informa-
tion of the cost function, e.g., gradients or Hessians, is used to move within the
parameter space. Our interest in optimization in this thesis is twofold. First, we
are interested in stochastic optimization schemes and their connections with se-
quential Bayesian computational methods. Secondly, as a byproduct, we will be
developing stochastic zeroth order [3] optimization schemes.

In the next two subsections, we provide a brief description of our main interests

and potential problems we address in this work.

1.1.1 Stochastic filtering

=

Our primary interest is the problem of stochastic filtering [4, 5, 2]. Briefly put,
stochastic filtering problem refers to the problem of inferring the states of a dy-
namical system from a sequence of observations, which are usually corrupted by
noise. In particular, consider a dynamical system whose state variables are defined
over time as o, ..., &, ..., which is described compactly as (x¢)¢>0. Given obser-
vations (vy¢)¢>1 from this dynamical system, the computational goal is to build and
sequentially update conditional probability distributions of the states (x¢)¢>0 over

time while assimilating observations one by one. The evolution of the states is

1A cost function qualifies the goodness of a candidate solution given the available data. The

smaller the cost, the better the candidate.



Chapter 1. Introduction

described by a transition density 7; and the relationship between y; and each z; is
defined via a likelihood function, denoted g;. When 7 describes a linear stochastic
dynamical system with Gaussian perturbations and g; describes a linear observa-
tion model with additive Gaussian noise, the exact solution of the filtering problem
can be found via the procedure known as the Kalman filter (KF), first developed
by Rudolf Kalman and Robert Bucy [6-8]. Since then, the KF has received sig-
nificant attention and has been successfully used for many signal processing and
control problems [9], including the control of the Apollo moon landing [10]. Several
variants of the KF for Gaussian models with nonlinearities were also developed,
such as extended Kalman filters [11, 5] for systems which can be linearized (this
scheme uses Taylor expansions of the transition and observation models) or un-
scented Kalman filters (UKF) [12-14] that propagate well-placed points in the
state-space to construct the moments of the conditional densities, which do not
require any gradient information. Another variant of the Kalman filter, called the
ensemble Kalman filter (EnKF), has been introduced to tackle high-dimensional
dynamical problems in geophysics, see, e.g. [15-19].

The computation of the posterior distribution for general transitions and like-
lihoods, i.e., for nonlinear and non-Gaussian models, however, remained elusive
for a long time. Finally, the bootstrap particle filter (BPF) was developed in [20],
which was motivated by the earlier works of [21, 22] and it became possible to
solve the filtering problem numerically for a general model. The BPF is a Monte
Carlo algorithm [23], which aims at drawing samples in order to construct the con-
ditional distributions of the state variables and estimate the quantities of interest
via the use of a sampling-weighting-resampling scheme [22]. The algorithm, for
relatively low-dimensional systems, turned out to be quite efficient and accurate.
This has resulted in a plethora of applications of the BPF scheme to various prob-
lems; see, e.g., [24-26]. As a result of this interest, a comprehensive theory for the
class of algorithms called sequential Monte Carlo (SMC) methods, including the
BPF as a special case, has been developed, framing the algorithm as an interacting
particle system and investigating its long-term behaviour. See, e.g., [2, 27-34] and
references therein.

Despite the success of PFs in relatively low dimensional settings, their use
has been regarded impractical in models where (x¢);>0 and (y;):>1 are sequences
of high-dimensional random variables. This is an instance of a general problem
coined as the the curse of dimensionality. It is referred to as the collapse of the
particle filter within the particle filtering context and it has been studied from
various empirical and theoretical viewpoints in recent years. The authors of [35]

study the weights of the BPF in a high-dimensional setting and they show that the
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maximum weight tends to 1 (under simplifying assumptions) which, they argue,
causes the filter to collapse effectively (also see [36, 37] for additional research on
the collapse of the BPF). Recently, a “block PF” has been proposed [38] that is
applicable to certain network-like high-dimensional SSMs, and can be proved to
converge for a subset of marginal posterior distributions on the state space under
assumptions on the correlations between state variables. Another scheme, the
space-time particle filter [39] has also been proved to converge even when the state
dimension increases without bound, under certain assumptions on the structure of
the state dynamics.

The collapse of the PF has received significant attention in the weather dy-
namics literature, where models are high-dimensional, obviously approximate, and
do not yield analytic solutions. In particular, in the data assimilation literature,
high-dimensional systems are often dealt with via an operation called nudging
[40—43]. Within the particle filtering context, nudging can be defined as a trans-
formation of the particles, which are pushed towards the observations using some
observation-dependent map [44-47]. If the dimensions of the observations and the
hidden states are different, which is often the case, a gain matrix is computed in
order to perform the nudging operation. In [44-47] nudging is performed after the
sampling step of the particle filter. The importance weights are then computed
accordingly, so that they remain proper. Hence, nudging in this version amounts
to a sophisticated choice of the importance function that generates the particles.
It has been shown (numerically) that the schemes proposed by [44-47] can track
high-dimensional systems with a low number of particles. However, generating
samples from the nudged proposal requires costly computations for each particle
and the evaluation of weights becomes heavier as well. It is also unclear how to ap-
ply existing nudging schemes when non-Gaussianity and nontrivial nonlinearities
are present in the observation model.

A related class of algorithms includes the so-called implicit particle filters
(IPFs) [48-50]. Similar to nudging schemes, IPFs rely on the principle of pushing
particles to high-probability regions in order to prevent the collapse of the filter in
high-dimensional state spaces. In a typical IPF, the region where particles should
be generated is determined by solving an algebraic equation. This equation is
model dependent, yet it can be solved for a variety of different cases (general pro-
cedures for finding solutions are given by [48] and [49]). The fundamental principle
underlying IPFs, moving the particles towards high-probability regions, is similar
to nudging. Note, however, that unlike IPFs, nudging-based methods are not de-
signed to guarantee that the resulting particles land on high-probability regions;

it can be the case that nudged particles are moved to relatively low probability
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regions (at least occasionally). Since an IPF requires the solution of a model-
dependent algebraic equation for every particle, it can be computationally costly,
similar to the nudging methods by [44-47]. Moreover, it is not straightforward
to derive the map for the translation of particles in general models, hence the
applicability of IPFs depends heavily on the specific model at hand.

In this thesis, we will be interested in high-dimensional stochastic filtering
problem. In particular, we propose a nudging based PF scheme in order to alleviate
some of the problems outlined above. Our contributions to this field is summarized

in Section 1.2.

1.1.2 Stochastic optimization

Our secondary focus in this thesis is the problem of stochastic optimization. Very
broadly, optimization methods can be classified into two main classes: determinis-
tic and stochastic. In deterministic schemes, all of the observed data can be used
in every iteration to achieve the descent direction, e.g., gradient descent uses full
gradients at every iteration. Deterministic optimization methods have received
significant attention in the last decades due to their efficiency and usefulness in
several areas. Especially, conver optimization, where the cost function to be min-
imized is a convex function, has been one of the most active research areas in
recent years [51-53], and it has found applications in compressed sensing [54], ma-
trix completion [55], machine learning [52], signal processing and communications
[56], to name a few.

With the increasing abundance of data, however, these deterministic schemes
have been rendered inefficient. In particular, deterministic methods struggle when

the cost function is of the form
£0) =" fx(6), (1.1)
k=1

with n very large, where the fi’s are called individual component functions and f
is the cost function. In this case, deterministic methods lead to computationally
very demanding solutions. In response to this challenge, the class of stochastic
optimization methods has emerged. Originated by a paper in 50s [57], stochastic
optimization methods have become widely used in modern signal processing and
machine learning [58-69], due to their efficiency in big data settings. Notably,
stochastic optimization methods do not need to perform computations using all
data points at each iteration. Instead, they obtain noisy estimates of the neces-
sary quantities for optimization using subsampling. The most basic scheme, the

stochastic gradient descent (SGD) algorithm [60], obtains a subsample from the
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dataset and construct an estimator of the gradient. The resulting estimate is then
used to perform a stochastic descent step. The majority of these stochastic gradi-
ent methods construct the subsamples using sampling with replacement to obtain
unbiased estimates of the gradient. The latter can then be seen as a noisy gradient
estimate with additive, zero-mean noise. In practice, however, there are schemes
that subsample the data set without replacement (hence producing biased gradient
estimators) and it has been argued that such methods can attain better numerical
performance [70, 71]. There has been a massive research effort to improve the
SGD, see, e.g., [65, 68, 69], including second-order extensions [72-75].

An alternative to the gradient-based methods outlined above is the family of
prozimal methods [76, 77]. In order to move along the parameter space, proximal
methods regularize the cost function with a term depending on the current value
of the estimate of the solution. The optimization procedure resulting from this
idea is different from a gradient step and can be viewed as a generalization of the
gradient step (see Chapter 2). Proximal methods have received interest over the
past decades in the optimization literature; see, e.g., [76-80]. Such methods have
particularly attracted interest in signal processing [77] and have been used, e.g.,
for signal recovery [81], sparse signal processing [82], and machine learning [83].
Similar to the gradient based methods, several extensions to the stochastic setting
have been proposed, see, e.g., [84-89].

A typical problem of stochastic optimization methods is that they can be in-
efficient and unstable depending on the choice of parameters and the problem. It
is a well-known fact among practitioners that the performance of the SGD is very
sensitive to the step-size parameter and the SGD may diverge easily. To alleviate
such problems, a number of schemes were introduced, e.g., AdaGrad [65], Adam
[68], RMSprop [90], or AdaDelta [64]; see [69] for a review. Such methods usu-
ally precondition the gradient by multiplying it with a (usually diagonal) matrix,
which is updated over the iterations of the algorithm. Because methods of this
type adapt their parameters to the problem over time, they are also referred to
as adaptive stochastic optimization methods [69]. However, despite such meth-
ods have convergence guarantees and practitioners have derived empirical rules to
choose their parameters, the meaning of the parameters is not well-understood.
One way to understand the role played by these quantities is to develop a prob-
abilistic interpretation of the stochastic optimization problem and seeing these
algorithms as inference methods. In recent years, this view has proved fruitful;
see, e.g., [91-93]. This line of investigation is also related to the recently emerging
field of probabilistic numerical methods [94, 95], which comprehends a class of nu-

merical algorithms that propagate and quantify the uncertainty over the solutions
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of numerical problems. Provided that the stochastic optimization problem can
be recast as an inference problem, one can then interpret the existing adaptive
stochastic optimization methods as mimicking optimal inference methods. There-
fore, one can also identify potential problems of existing methods by comparing
them to optimal inference rules.

A probabilistic interpretation of the stochastic optimization problem also opens
up new paths for developing sampling-based optimization schemes. Although we
have highlighted the successes of gradient-based stochastic optimization methods
above, the gradient information may not be always available, however, due to
different reasons. For example, in an engineering application, the system to be
optimized might be a black-box, e.g., a piece of closed software code with free
parameters, which can be evaluated but cannot be differentiated [96]. In these
cases, one needs to use a gradient-free optimization scheme, meaning that the
scheme must rely only on function evaluations, rather than any sort of actual
gradient information. Classical gradient-free optimization methods have attracted
significant interest over the past decades [97, 98]. These methods proceed either
by a random search which is based on evaluating the cost function at random
points and update the parameter whenever a descent in the function evaluation is
achieved [97], or by constructing a numerical (finite-difference type) approximation
of the gradient that can be used to take a descent step [96].

The techniques in [96-98] and others of the same class are not applicable, how-
ever, if one can only obtain noisy function evaluations or one can only evaluate
certain subsets of component functions. In this case, since the function evaluations
are not exact, random search methods cannot be used reliably. To address this
problem, in recent years, a number of gradient-free stochastic optimization meth-
ods have been proposed, see, e.g., [99-102]. Similar to the classical case, these
methods are based on the use of noisy function evaluations in order to construct a
finite-difference type approximation of the gradient. However, when the cost func-
tion has multiple minima or has some regions where the gradients are nearly zero,
these methods may suffer from poor numerical performance. In particular, the
optimizer can get stuck in a local minimum easily, due to its reliance on gradient
approximations. Moreover, when the gradient contains little information about
any minimum (e.g., in flat regions), gradient-free stochastic optimizers (as well as
perfect gradient schemes) can suffer from slow convergence.

An alternative to constructing a numerical approximation of the gradient is to
build up a probability measure endowed with a probability density function (pdf)
whose maxima coincide with the minima of the cost function. In this way, the

optimization problem can be recast as an inference problem; e.g. [103]. Indeed, one
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can then resort to a set of sampling techniques to obtain the probability measure
and then estimate the maxima of its pdf. This approach has the advantage of
enabling the reconstruction of multiple minima and finding a global minimum,
since the probability measure is matched to the cost function. Methods of this
nature have long been considered in the literature, including simulated annealing
[104], Monte Carlo expectation maximization [105], Markov chain Monte Carlo
(MCMC) based methods [106] or methods using sequential Monte Carlo (SMC)
[107, 108, 103]. These methods have been restricted to the case where one can
utilize the exact function evaluation to assess the quality of each sample. The
stochastic setting, where it is only possible to compute noisy evaluations of f(6),
has also received some attention, see, e.g., [109] for a survey. However, the methods
reviewed in [109] contain gradient-based Monte Carlo estimators and address a
different class of stochastic optimizaton problems, where the cost function itself
is defined as an expectation, rather than a finite-sum as in (1.1). In recent years,
extensions of MCMC based sampling methods have been developed in order to
sample from pdfs whose minima match those of a function in the form of eq. (1.1),
see, e.g., [110, 111]. However, these schemes rely on the computation of noisy
gradients, which we herein assume is not possible. There are also other tecniques
using MCMC (see, e.g., [112] which employs noisy Metropolis steps) which do not
require gradients. However, these techniques are primarily designed as sampling
algorithms, rather than optimization methods. A perspective which is closer to
our approach in this thesis was taken in [113], where an adaptive importance
sampler was developed using subsampling to compute biased weights. However,
the method in [113] lacks convergence guarantees.

We summarize our contributions to stochastic optimization in Section 1.2.

1.2 Organization and contributions

As explained in Section 1.1, we are interested in a broad class of problems in
this thesis. The particular contributions we have attained can be summarized as
follows.

In Chapter 2, titled Fundamentals of inference and optimization, we
survey statistical inference and optimization methods which are of interest to us
in this thesis. In particular, we survey Gaussian inference rules and Monte Carlo
statistical inference methods for static and sequential settings. We provide ba-
sic convergence theory for the Monte Carlo schemes with self-contained proofs
provided in Appendix A.1. We also provide a brief survey of the optimization

algorithms which are of interest to us in this work.

14



Chapter 1. Introduction

In Chapter 3, titled Nudging the particle filter, we propose a particle fil-
ter, termed the nudged particle filter (NuPF), aimed at improving the performance
of particle filters whenever (a) there is a significant mismatch between the assumed
model dynamics and the actual system, or (b) the posterior probability tends to
concentrate in relatively small regions of the state space. The proposed scheme
pushes some particles towards specific regions where the likelihood is expected to
be high, an operation known as nudging in the geophysics literature. We prove
analytically that nudged particle filters can still attain asymptotic convergence
with the same error rates as conventional particle methods while numerical exper-
iments show that they can perform very efficiently in practice. We also provide an
alternative interpretation of the nudging scheme as a conventional SMC algorithm
applied to a modified dynamical model.

In Chapter 4, titled Stochastic optimization as Bayesian inference,
we develop an interpretation of stochastic optimization problems as inference
problems. In particular, we frame stochastic optimization problems as sequential
Bayesian inference problems. We then identify this connection in a Gaussian set-
ting, by showing that Kalman and extended Kalman filters can be shown to match
a well-known stochastic optimization algorithm, the incremental proximal method
[84]. Then, using the probabilistic interpretation of stochastic optimization, we
develop a Monte Carlo method, namely a parallel sequential Monte Carlo opti-
mizer (PSMCO), to solve general stochastic global optimization problems where
the cost function is built up by many components. We prove analytically that this
sampler converges to a global maximum. Finally, we demonstrate the utility of
the proposed scheme on two challenging stochastic optimization problems.

In Chapter 5, titled Dictionary filtering, we investigate links between ma-
trix factorisation algorithms and recursive linear filters. In particular, we describe
a probabilistic model in which probabilistic inference naturally leads to a matrix
factorisation procedure. Using this probabilistic model, we derive a matriz-variate
recursive linear filter that can be run efficiently in high dimensional settings and
leads to the factorisation of the data matrix into a dictionary matrix and a co-
efficient matrix. The resulting algorithm is inherently online and we refer to it
as the dictionary filter. Numerical results are provided for image restoration and
video modeling problems. We also show that the algorithm bears relationships
to stochastic optimization-based schemes, hence this algorithm can be seen as an
application of the concepts developed in Chapter 4.

Finally, in Chapter 6, titled Conclusions, we summarize our contributions
and lay out the plans for future work.

The contributions of this thesis have been published in [114, 115, 91, 116, 117].

15



Chapter 1. Introduction

1.3 Notation and preliminaries

1.3.1 Notation

We denote the set of real numbers as R, while R = Rx A xR is the space of
d-dimensional real vectors. We denote the set of positive integers with N and the
set of positive reals with R,. We represent the state space with X C R% and the
observation space with Y ¢ R%.
In order to denote sequences, we use the shorthand notation z;, ., = {,, ..., Ti, }.

For sets of integers, we use [n] = {1,...,n}. The Euclidean p-norm of a vector
z € R? is defined by ||z[, = (2} + -+ 4+ 2%)/P. The supremum norm of a real
function ¢ : X = R is denoted ||¢|loc = sup,ex |¢(z)]. The L, norm of a random
variable z with probability density function (pdf) p(z) is denoted ||z||, and defined

Iot = ([ 10z "

for p > 1. It is important to observe that L, norm of a random variable is directly

as

related to its expectation: E[|z|P] = ||z|b. A function is bounded if |||l < 00
and we indicate the space of real bounded functions X — R as B(X).

The set of probability measures on X is denoted P(X), the Borel o-algebra of
subsets of X is denoted B(X) and the integral of a function ¢ : X — R with respect

to (w.r.t.) a measure p on the measurable space (X, B(X)) is denoted

(¢, 1) = /w(w)u(dx)-

The unit Dirac delta measure located at 2’ € R? is denoted d,/(dz) and we note
that [ p(z)d,(dz) = ¢(a’) for any ¢ € B(X). The Monte Carlo approximation of
a measure £ constructed using N samples is denoted as p¥. More precisely, given
N samples {2} ~ 4, we write the empirical random measure " associated

to u as,

N
1
p (dz) = N Zl 0, (dz).

Given a Markov kernel 7(dz’|z) and a measure 7(dx), we define the notation
£(dz’) = rr(da’) £ [ 7(da’|z)m(dx). We say that 7 is absolutely continuous w.r.t.
q, and write T < ¢, if ¢(A) = 0 implies 7(A) = 0 for any A € B(X).

We often abuse the notation and denote the probability measures and their
densities, i.e., probability density functions (pdfs), with respect to the Lebesgue
measure with same letters. For instance, while p(dz) denotes a probability mea-

sure, we use the notation u(x) to denote its density. Whether a given object, say
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1, denotes a probability measure or a pdf should be clarified by the context and
the notation for the argument (u(dz) or u(A), for a set A versus p(z) for a point
Let a = (aq,...,aq) € N* x -+ x N*, where N* = NU {0}, be a multi-index.

We define the partial derivative operator D¢ as

0%l ... )%}
Dh = ———a~
o607 - - - 065
for a sufficiently differentiable function h : R? — R. We use |a| = 2?21 a; to
denote the order of the derivative. Finally, the notation |[z] indicates the floor

function for a real number x, which returns the biggest integer k < x.

Matrix notations

Throughout the thesis, I; denotes the dxd identity matrix and vec(-) stands for the
column-vectorisation operation. Specifically, for an m x r matrix A, a = vec(A)

is an mr x 1 vector constructed by stacking the columns of A. To revert this
-1
mXxr

indicates the dimension of A. We usually denote vectors with lower-case letters

operation, we define the reshaping operator A = vec,,,.(a), where the subscript

and matrices with capital letters.
We recall some useful equalities below. Let A be of dimension m x r and B be

of dimension r x n; then [118],
vec(AXB) = (BT @ A)vec(X). (1.2)

where ® denotes the Kronecker product [118]. As a particular case, for an r x 1

vector x we have
Az = vec(Az) = (" @ I,,)vec(A). (1.3)

We also draw from properties of the Kronecker product, namely the mixed product

property [118],
(A® B)(C® D) = (AC) ® (BD), (1.4)
and the inversion property [118],

(A®B)'=A4"1e B (1.5)
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Notation for distributions

We often rely on an argument-wise notation for probability density functions.
Given two random vectors (r.v.’s) x and y, p(x) denotes the pdf of x and p(y)
denotes the, possibly different, pdf of y. Similarly, we use p(x,y) for the joint pdf
of the two r.v.’s and p(y|x) is the conditional density of y given z.

The Gaussian (normal) probability density evaluated at = with mean m and
covariance matrix C'is denoted N'(z;m, C). The Student’s-t distribution evaluated
at x with mean m, scaling parameter o2, and degree of freedom v is denoted
T (x;m,0%,v). The Gamma distribution with parameters (a, #) is denoted G(a, 0)
and the Beta distribution with parameters (o, 3) is denoted B(a, f3).

1.3.2 Preliminary definitions

In this section, we list some preliminary definitions. The following definitions

about Markov chain can be found in, e.g., [105].

Definition 1.1. (Markov kernel) A Markov transition kernel k(-|-) defined on
X x B(X) is a function such that,

(i) For every z € X, k(-|x) is a probability measure,
(ii) For every A € B(X), k(A|-) is measurable.
Next, Markov chains are defined using Markov kernels.

Definition 1.2. (Markov chain) Consider a probability space (X, B(X),P). A se-
quence of random variables xg, ..., x; forms a Markov chain, if for some transition

kernel k, the following holds,
P(zi41 € Alzo, ..., 1) = P(zi41 € Alzy) —/ K(dwey|ze).
A

Definition 1.3. (Convexity) A function f : X — R is said to be convex if, for any
z,y € X,

fAz 4+ (1= Ny) <Af(z)+ (1= A)f(y),

for every A € [0,1].
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Fundamentals of

inference and optimization

In this section, we provide an introduction to inference and optimization, together
with a brief survey of methods which are commonly used in the field and, partic-
ularly, in the rest of this thesis. In particular, we review some exact inference
methods, Monte Carlo methods for statistical inference, and numerical optimiza-

tion algorithms.

2.1 Introduction

2.1.1 Bayesian update

The problem of Bayesian inference starts with a probabilistic model. The model is
usually in the form of a collection of probability distributions. In its most simple
form, we are given a model that consists of a prior distribution 7y(x), which
reflects the belief of the model designer about the variable x, and a likelihood
function g(y|z), which characterizes the relationship between data and the quantity

of interest. Given the model, a typical interest is the computation of the posterior
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density, denoted 7 (z|y), using the Bayes’ rule,

9(y|x)
Jx 9(ylx)mo(z)da”

m(zly) = mo(x)

Bayes’ rule was first proposed by Thomas Bayes in his 1763 essay titled An Essay
towards solving a Problem in the Doctrine of Chances [119]. However, the modern
form of the rule, as written above, is due to Laplace [120], and introduced in 1820.

More formally, let us assume we are given a prior measure my defined on a
space X C R% with a likelihood function g(y|r) : X — R, where y is fixed. The

posterior probability measure in this case is given by

g9(y|x)
Jx 9(ylz)mo(dx)”

m(dx) = mo(dx) (2.1)
In this thesis, we use the measure and density notation interchangeably and we
will denote the densities and measures with the same letters as indicated in the

notation section.

Often, the goal in Bayesian inference is to compute expectations of test func-
tions ¢ € B(X) with respect to the posterior distribution 7. Given ¢ € B(X), it is

useful express the update in terms of expectations using (2.1), i.e.,

Y9, To
(.m) = (22T, (2.2
which is the Bayes update in integral form.

We also note that the update (2.2) can be defined for general positive real-
valued functions G : X — R, termed potential functions, which does not nec-
essarily correspond to any likelihood function associated to an observation. This
view is pertinent in several fields of physics, e.g., statistical mechanics or computa-
tional physics, where the dynamics of objects are defined via potential functions.
In recent years, this view has been quite popular for the analysis of Monte Carlo

methods as well [33, 121]. In this case, the update can be written as

G(z)

7(dx) = mo(dz) W

(2.3)
for a potential G : X — R,. This view will be useful for us when we deal with
optimization problems in a probabilistic setup. Also, it is customary to write the
likelihood functions by dropping the observation dependence from the notation,

as we will see in the next section.
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2.1.2 Sequential Bayesian update for static models

In some models, which are amenable to sequential computation, one can use the
Bayes’ rule described above sequentially. The principle of sequential Bayesian
inference is that the posterior becomes the new prior over the iterations.

Let us assume in this case that we have a sequence of observations (y:)i>1
each defining a likelihood function, which we denote as' g;(z) = g;(y¢|x). We
also denote the prior measure as my. Given the posterior distribution my_(dz)

conditioned on y1.4—1, the update is given as

g9¢()
m(dx) = m—1(dx . 2.4
t( ) t 1( )fxgt(x)ﬂ_t—l(dx> ( )
One can also write this update in terms of expectations, similar to (2.2),
(ge, m—1)
S = —V————=. 2.5
(SD t) (gt7 7Tt—1) ( )

The expressions (2.4) and (2.5) cannot be computed in closed form in general.
In this static setup, this computation can only be done exactly for models that
retain certain conjugacy properties. An example we will use repeatedly is the case
where 79 and g; are both Gaussian. In this case, the posterior distribution is also
Gaussian [5], and its moments can be sequentially computed in closed form, see
Section 2.3.1.

2.1.3 State-space models and the filtering problem

In this section we introduce the class of state-space models (SSMs). An SSM
consists of two stochastic processes: the hidden state process (v¢)i>0 and the ob-
servation process (y¢)¢>1. The hidden state is a Markov process whereas the obser-
vations are conditionally independent given the hidden state process. Compactly,

we can write an SSM as

xo ~ mo(dxo), (2.6)
(L‘t|l‘t,1 ~ Tt(d.’Et‘l‘t,l), (27)
yelze ~ ge(ye|ze), teN, (2.8)

where z; € X C R% is the d,-dimensional system state at time ¢, y, € Y C R% is
the ¢-th d,-dimensional observation, the measure 7y describes the prior probability

distribution of the initial state, 7 is a Markov transition kernel on X, and g;(y:|x¢)

1We often drop the observation from the notation, called implicit conditioning, which clarifies

the notation significantly.
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is the (possibly non-normalized) pdf of the observation y; conditional on the state
x¢. We assume the observation sequence (y:);>1 is arbitrary but fixed. Hence, it
is convenient to think of the conditional pdf g; as a likelihood function and we
write g¢(x¢) := g¢(ye|z¢) for conciseness. Also from now on, we also denote SSMs
compactly as (7o, 7¢, gt)e>1-

We are interested in the sequence of posterior probability distributions (¢ )¢>1
of the states generated by the SSM. To be specific, at each time t = 1,2, ... we
aim at computing (or, at least, approximating) the probability measure 7y which
describes the probability distribution of the state x; conditional on the observation
of the sequence yi.;. When it exists, we use m(x¢|y1.4) to denote the pdf of z;
given y1.; with respect to the Lebesgue measure, i.e., m(dz;) = m(x¢|y1..)da,. The
measure 7; is often termed the optimal filter at time t. The computation of the
sequence of measures (7 ):>1 is referred to as the filtering problem, as introduced
in Chapter 1.

The optimal filter 7; is closely related to another probability measure &, which
describes the probability distribution of the state z; conditional on y1.;—1 and it is,
therefore, termed the predictive measure at time ¢t. As for the case of the optimal
filter, we use &(x¢|y1.4—1) to denote the pdf (when it exists), with respect to the
Lebesgue measure, of x; given yi.+—1. The predictive measure and the optimal
filter can be constructed recursively. Assume that we are given the optimal filter
m—1. In order to obtain the filter 7, one needs to first compute the predictive

measure & via the Chapman-Kolmogorov equation [2, 122, 123],

&e(dwy) :/Tt(dxt’xt—l)ﬂ't—l(dl‘t—l)~ (2.9)

Note that we can similarly write the prediction Eq. (2.9) for the expectation of a
test function ¢ € B(X), as

(0, &) = ((p, 7t), me-1) -

Once we obtain the predictive measure &, we can compute the filter at time ¢ as

o ge(x¢)
ﬂ_t(dxt) - ft(dl't) fx gt(xt)gt(drxt) . (21())
Similarly to (2.5), we can write the update Eq. (2.10) as
_ (2g¢,&t)
(o, m) = o6 (2.11)

for any test function ¢ € B(X). In general, the recursions (2.9) and (2.10), or

the expectations with respect to them, are not available in closed form, apart
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from a restricted class of models, e.g., models with linear-Gaussian transitions and
likelihoods (for which the Kalman filter [6] yields exact solutions). We will review

numerical methods for both Gaussian and general cases in the following sections.

2.2 Static inference

In this section, we review numerical methods for the problem of inferring a poste-

rior probability measure 7 and then compute integrals of the form

(o) = /X () (), (2.12)

which are analytically intractable in general. Specifically, we review Monte Carlo
(MC) methods which aim at constructing a random grid by sampling from the
base distribution 7(dz) and then approximating the integral using these samples
[23]. Moreover, since it is often the case that we cannot sample from 7 directly, it
is crucial to devise schemes that generate a suitable random grid by other means.
We remark that the integral (2.12) is directly related to the problem of Bayesian
inference since it is often of crucial interest to estimate integrals with respect to

posterior distributions.

2.2.1 Exact inference for Gaussian distributions

As indicated in the previous section, for special cases it is possible to obtain the
posterior distribution using the Bayes’ rule. An important case is the one where
conjugate priors are chosen for specific likelihoods, in such a way that the posterior
distribution can be obtained in closed form and usually in the form of the prior
[124, 125]. In this section, we review one specific (but important) case where
exact inference is possible. More specifically, we focus on the case where the prior
distribution and the likelihood function are chosen as Gaussian and free from
nonlinearities in their moments.

In this section, we summarize the inference rules for a Gaussian likelihood and

prior. In particular, we assume that we have a model
mo(x) = N (x5 o, Vo), (2.13)
9(ylz) = N(y; Hz, R), (2.14)
where pg € R% and Vp € R%*ds are the mean and covariance parameters of
the prior, respectively, H € R%*% is the observation matrix, and R € R%*% ig

the observation covariance matrix. In this case, the posterior pdf w(z|y) can be

computed in closed form and it is given by the following lemma [125, 126].
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Lemma 2.1. Assume that the prior and the likelihood are defined as in Eqs. (2.13)—
(2.14). Then the posterior distribution is Gaussian, specifically

m(zly) = N(z; 1, V),
where

p=ypo+VoH (R+HVH") ' (y— Hpug),  and
V=Vo—-VoH " (R+ HVoH ") HVj.

Proof. See, e.g., [125, 126]. O

This Gaussian update can be implemented recursively when one has a data
sequence (y¢)¢>0. This is the key operation of the Kalman filter, which we will
review in Section 2.3.1. Given 7, one can compute integrals of the form (2.12)
either in closed form or by using perfect sampling (which is introduced in the
next section) if the test function ¢ prevents the exact computation of the integral
(2.12).

2.2.2 Perfect Monte Carlo

The numerical estimation of the integral in (2.12) is the simplest when we can sam-
ple from 7 directly. Using independent samples from a certain probability measure
to calculate integrals is the core principle of Monte Carlo methods [23]. When in-
dependent sampling is achievable, the integral (2.12) can be estimated efficiently.
This can be done in various ways, e.g., via the inversion method (provided that
one has an access to a uniform random number generator and the inverse of the
cdf for the target distribution) or various other schemes which makes it possible
to obtain i.i.d. samples from 7 [127, 128]. In this subsection, we just assume that
we have access to an i.i.d. sampling scheme for 7.

One can approximate (2.12) using samples from 7 and this type of approxima-
tions are called Monte Carlo (or particle) approximations of the integral. Formally,
given a collection of samples {m(i)}fil, where () ~ 7 i.i.d, we first construct the

empirical measure, i.e., the empirical approximation of 7, as
N
N (dz) = ¥ > 6,0 (dx). (2.15)
i=1

Given the empirical measure 7'V, the integral (2.12) can be approximated as

N
(o) =~ (oY) = = ), (216)
=1
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i.e., we replace a (possibly complicated) integral w.r.t. 7 by an integral w.r.t. 7V
which is straightforward to compute. As a classical result, the estimate (2.16)

converges to the true integral by the strong law of large numbers [129], i.e.,

lim (¢, ) = (p,71) a.s. (2.17)

im
N—o0
provided the variance of ¢(x) is finite. The Monte Carlo estimator (2.16) is unbi-

ased and its variance is given by [105]

N
(7)) = 3 D vrslotel¥)] = I,

which vanishes as N — oo. In the sequel, we prove a well-known L,, convergence

result for the case where we can sample from 7 directly.

Theorem 2.1. Given a test function ¢ € B(X), we have the explicit error bound
N pllelloo
y ) — ) T < T N
(o, m) = (0, )|, N
where ¢, < 00 s a constant independent of N.

Proof. A simple proof for p = 2 and general integer p are both given in Appendix
Al. 0O

This theorem is a typical result that displays the classical O(N~2) Monte
Carlo rate of convergence. We will see that many other Monte Carlo methods also
preserve this rate. It is also possible to give an explicit convergence rate for the

random approximation error (instead of the expected error in Theorem 2.1).
Corollary 2.1. Assume Theorem 2.1 holds. Then we have the following bound
for the random error,

Us_
Nz—%’

where Us is an almost surely (a.s.) finite random variable independent of N and

(i, 7)) = (0, 7)| < (2.18)

6 < % is an arbitrarily small positive constant. As a consequence,

lim (@, 7) = (p,7), a.s. (2.19)

N—oo

for any ¢ € B(X).
Proof. See the Appendix A.1. [J

Since § > 0 can be arbitrarily small, the random error |(¢, ) — (p, )| also
converges with a rate O(N 7%) Corollary 2.1 is implied by Theorem 2.1, hence it

will be possible to prove the same type of result for other Monte Carlo samplers

which converge in L.
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2.2.3 Importance sampling

In many cases, it is not possible to directly sample from the probability measure 7.
In that situation, one can use an instrumental distribution, also called a proposal
distribution, which is easy to sample from in order to obtain samples and use
a weighting scheme to obtain a proper approximation. We introduce here the
importance sampling (IS) method, which utilizes this idea. The IS method was
first introduced in [130]. Since then, it has been one of the most popular Monte
Carlo integration methods. For the basic theory and some applications see, e.g.,
[105, 123].

We denote the proposal measure with ¢(dz) (whose density w.r.t. Lebesgue
measure will be denoted by ¢) and we assume that it is easy to sample from
it directly. Formally, we assume that the target is absolutely continuous w.r.t.
the proposal, i.e., 7 < ¢. Given that we can sample from ¢, the IS estimate is
constructed as follows. First recall that our aim is to estimate integrals of form
(2.12). Provided that m < ¢, we readily have,

<%m=4wmgmmmm=/w@wmmm, (2.20)

X
where the Radon-Nikodym derivative g—g : X = Ry is also referred to as the weight

function and denoted as w(z). Assuming that both = and ¢ have densities w.r.t.

Lebesgue measure (denoted with same letters), we can write

_ 7(z)
wie) = qx)’

Now the integral in (2.20) can be estimated using the empirical measures

N N
1 1 ,
N _ - ) N - @g ..
q" (dzx) N 1221 0, (dz) and 7" (dzx) N ZE:I w8 o (de) (2.21)
where () ~ ¢(dz) i.i.d. for i =1,...,N and w = w(z®) are called importance

weights. We denote the IS estimate in this case as

N
(0. 7Y) =+ > w(a®). (2.22)
=1

Remark 2.1. The estimator (2.22) is an unbiased estimator of the integral in

(2.20), as shown easily by

N
El(p,n")] = %ZEW(%)@(@] = Erlp(z)] = (p,m).
=1
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Algorithm 2.1 Self-normalized importance sampling

1: Sample from proposal () ~ ¢(dz) for i =1,..., N.
2: Compute weights,
W@

@ — 7 where W® = .
TS we T T )

N
iN(de) =Y w80 (de) and (p,7Y) =Y wPp(a®).
=1

The unbiasedness property of the IS estimator only holds for the case where
one can evaluate m(x) exactly. In the next section, we review the IS scheme for
the (practically more relevant) case in which one can only evaluate m(z) up to a

normalization constant.

Self-normalized importance sampling

While the IS scheme we have introduced is convenient, it is often not possible to
implement it exactly as it requires evaluations of the target density w. In practice,
the target 7 is only known up to a normalization constant, denoted Z,. The

unnormalized target is denoted with IT and we can write

M(dz) and 7(x) =

d =
m(dx) 7 7

for the target measure and the target pdf, respectively, where
7, = / T1(de) = TI(X).
X
Let us again assume II < ¢. In this case, we can rewrite the integral (¢, ) as
1
(p.m) = [ lo)TI(da)
™ JX

In a similar way to the derivation in (2.20), we write,

Jx9@) 55 ()a(d2) [ o(@)W (2)g(da)
Jx W(z)g(da) — JxW(x)g(dz)

(o, ) = (2.23)

where now the Radon-Nikodym derivative ?Tl;[ : X = Ry is called the unnormalized

weight function, which we also denote as W (z). The normalized weight function
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w: X — Ry, ie., the Radon-Nikodym derivative of 7 w.r.t. ¢, w(z) := $ (), can

‘Q—
SYE]

be written in terms of the unnormalized weight function as

w(zx) =

dr W (x)

4" = LWt

Given these constructions, the IS algorithm for this case can be constructed as
follows. Assume that we sample {z()1N  iid. from g(dz) and obtain the empir-
ical measure (2.21). Then, (2.23) yields the self-normalized importance sampling
(SNIS) estimator

N W@ ()
(p,7) = 2oz AT)

i W
where W := W(z(®) for i = 1,...,N. We can write this estimate more com-
pactly as
N R
. ) . w®
VY — (@) (2@ h @0 2.94
7 E wWo(x'V),  where w —. )

This estimator is biased as it is defined as a ratio of two unbiased estimators, which
follows from Jensen’s inequality?. Although the estimator is biased for finite N,
the bias vanishes as N — oo with a rate O(1/N). Actually, the estimator (2.24) is
consistent [105]. In what follows, we present an L,, convergence result concerning

the estimator (2.24), i.e., an IS version of Theorem 2.1.
Theorem 2.2. Assume that |W||s < 0o. Then, for any ¢ € B(X), we have

cpllpll oo

VN

for any p > 1, where ¢, is a constant independent of N.

H(%ﬂ—) - (‘PvﬁN)”p S

Proof. See Appendix A.1. [J

Similarly to the perfect Monte Carlo, we have the following result for SNIS

estimators.

Corollary 2.2. Under the assumptions of Theorem 2.2, for any ¢ € B(X) we

have

(2.25)

2The bias also follows from the fact that w'® # w(z?).
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where Us is an almost surely finite random variable and § < % is an arbitrarily

small and positive constant independent of N. As a consequence,

lim (¢, 7Y) = (p, 7) a.s. (2.26)

N—oo

for any ¢ € B(X).

Proof. The proof of this corollary follows from Theorem 2.2 and the proof of
Corollary 2.1. [J

The SNIS scheme is outlined in Algorithm 2.1.

2.2.4 Markov chain Monte Carlo methods

An alternative to building an importance sampling-type sampler is to use Markov
chain Monte Carlo (MCMC) methods. MCMC techniques are based on the prin-
ciple of simulating a Markov chain (z;);>0 with a stationary distribution 7, which
coincides with the target distribution (see [105] for precise definitions of a Markov
chain and its stationary distribution). This is done via designing a Markov kernel
k(+]-) which leaves 7 invariant, i.e., m = km. More precisely, the kernel x should

satisfy,

(4o’ |z) = / (da'|2)r (dz).

Provided that one can design such a kernel and obtain random variables (z¢)¢>1,
the marginal distribution of x; converges to m as t — co. For conditions and modes

of convergence see [105].

2.3 Sequential inference

In many scenarios for probabilistic inference, such as sequential inference or filter-
ing, it is required to estimate a sequence of distributions (7¢):>0 and integrals of

the form

(cp,ﬂt):/xw(x)m(d:c), for teN. (2.27)

For example, in Bayesian statistics, each m; is conditioned on more and more data
as t grows. In this case, it is computationally prohibitive to use the methods we
have introduced in the previous section, as the complexity of the problem grows
with the number of iterations. It is therefore crucial to develop methods tailored
for the sequential structure of the problem. In the following sections, we review

methods for sequential inference.
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2.3.1 Kalman update

Assume that we are given a Gaussian prior mo(z) and a sequence of Gaussian
likelihoods g(y¢|z) for ¢ > 1. As we have summarized in Sec. 2.2.1, one-step Bayes
update can be performed in closed form when the prior and a single likelihood are
Gaussian. It is therefore natural to generalize this idea for sequential Bayesian
updating.

More specifically, we consider the following Gaussian probability model,

mo(z) = N (x5 o, Vo) (2.28)
9(yelz) = N(ye; Hez, Ry), (2.29)

where (10, Vp) are parameters of the prior, (H;)¢>1 defines the sequence of observa-
tion matrices, and (R¢):>1 are observation noise covariances. Given the posterior

pdf 7 (x|y1:4—1), the posterior pdf at time ¢ is given by

gt(ye|x)
Tt—1 («T|y1:t—1)gt(yt‘$)dm,

7Tt(iU|Z/1:t) = Wtfl(x|ylzt71)f
X

where w(z|yo) := mo(z). The parameters of this posterior distribution can be found

via the following recursions, which are referred to as Kalman updates.

Lemma 2.2. Given the model (2.28)~(2.29) and the posterior distribution w(x|y1.4—1) =
N (@; -1, Vio1), we obtain

m(2|y1:e) = N (z; 11, Vi),
where,

e = p—1 + Vier H (Ry + HVi 1 H )7 (g — Hypu—1),
Vi=Vi1 — Vi H (R + HiV; _1H") " H, Vi,

fort>1 and m(x|yy) := mo(x).

Proof. See, e.g., [6, 5, 125, 126]. O

Again, the integrals (p,m;) for certain ¢ can be computed, since m; can be
obtained in closed form. However, again, for general ¢, one may need to resort
to sampling methods to estimate the integral if it is not possible to integrate ¢

against a Gaussian.
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2.3.2 Kalman filters

Assume that we are given an SSM (mo, 7¢, g¢)¢>1 of the form,

mo(z0) = N (wo0; o, Vo), (2.30)
Te(xe|re—1) = N (w45 Arwe—1 + Brug, Qu), (2.31)
ge(yelze) = N (ye; Hywe, Ry), (2.32)

where (A¢)i>1 € Réz*dz and (Qi)e>1 € R *dz denote the linear transition ma-
trices and the process covariance matrices, respectively. The sequences (Hi)i>1
and (R;);>1 characterize the observation model. In particular, (H;)¢>1 denotes
the linear observation model and the sequence (R;):>1 stands for the observation
noise covariance, respectively. Finally, the sequences (B, ut)s>1 define the control
inputs. We refer to models of the form (2.30)—(2.32) as linear-Gaussian state-space
models (LGSSMs), indicating that the transition and observation models of the
SSM are linear-Gaussian. For this type of models, the posterior distribution of the
state my(z¢|y1.¢) is available in closed form. The procedure to compute the sufficient
statistics of m¢(x¢|y1:) is called the Kalman filter (KF) [6, 5]. More specifically,

the moments of the m; are given by the following lemma.

Lemma 2.3. Assume we are given an SSM of form (2.30)—(2.32). Given the
optimal filter at time t — 1,

T 1(@e-1yre—1) = N(xe—1; -1, Vie1),
the predictive distribution & (xe|y14—1) s given by
&(mlyra—1) = N(zy; fu, Vi),
where,

frr = Agpie—1 + Byug, (2.33)
Vi = AVi Al + Q. (2.34)

Finally, the optimal filter my(xz¢|y1.4) is given by
Wt($t|y1:t—1) = N(ﬂﬁt; Mt Vt),
where,

pe = i+ VeH{ (Ry + HiV,H] )™ (ye — Hifin), (2.35)
Vi =V, = Vil (R, + HV,H )" H,V,, (2.36)

from Lemma 2.2.
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Proof. See, e.g., [6, 5, 125, 126]. O

The recursions (2.33)—(2.36) are together referred to as the Kalman filtering

TeCUrsions.

2.3.3 Extended Kalman filters

Given an SSM where the transition and observation models are nonlinear, it is
not possible to utilize the KF. However, it is reasonable to assume that when
the transition and observation models are locally linear, and the process and the
observation noise are Gaussian, one can linearize the SSM and obtain a Kalman-
type filter for a nonlinear model, which is called as the extended Kalman filter
(EKF) [5]. Note, however, that the distributions approximated by the EKF are just
approximate. We will make this fact clear by denoting the posterior distributions
as mf, instead of m. The EKF can be shown to converge if the model satisfies
certain conditions, see, e.g., [2] for a discussion.

Assume that we are given the SSM

mo(zo) = N (xo; po, Vo),
Tt(wtyiﬁtfl) = N(fﬂt; at(xt—l)a Qt)
9t(yelwe) = N (ye; he(we), Re).

where a; : X = X, hy : X = Y, Q; € R%*% and R, € R%W*%_ Assume that the ap-
proximate posterior distribution at time t — 1 is 77 | (24-1) = N (zi—1; u 1, V,E).
If the model is approximately locally linear, one can linearize a4(z;) around ,utE_ 1

and obtain the dynamical model

ay(ze) = ar(pi’y) + Ae(we — 1) = ae(pf 1) + Ay — Ay, (2.37)
where
A - Oay(x)
oz _ B
T=Hi_ 1

We can see (2.37) as a linear model with control inputs. Hence, the prediction

step with this linearized model simply becomes

fift = ar(pe—1).

The uncertainty is propagated also as in the KF, since (2.37) is a linear model,

hence we obtain

VP =AVE Al +Q
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Similarly, given i, in order to proceed with the observation model we can linearize

h; around ﬂf , 1.e., we construct

he(x) = he(iif) + Hy(z — i),

where

aht(x)
Ox 7

T=[t

H, =

Given the linearization, the EKF update step now becomes

wf = i+ VEH] (R + HVEHT )y — ha(F)),
VE=VF - VEH (R + HVH )T H V.

Finally, one can compactly summarize the EKF as follows. Given Trfi (zem1) =
N(zi—1; pf 1, ViE]), the new posterior pdf nf (z;) = N (z4; uF, ViF) is obtained via

2.38
2.39
2.40
2.41

/1{5 = at(,U«t—l)7
VE = AVE Al + Q.
pt = pr oy + VEH (R + HVEPH) (e — (i),

(
(
(
VP =VP - VPH (R, + HVFHT) THVP. (

)
)
)
)

From now on, the equations (2.38)—(2.41) for ¢t > 1 are referred to as the EKF

recursions.

2.3.4 Other Kalman-type filters

The EKF is not the only way to deal with nonlinearities when one is interested in
inferring nonlinear Gaussian state-space models. Actually, when there are severe
nonlinearities present in an SSM, the EKF may not be suitable to use. Further-
more, as it requires derivatives of the transition and observation models, it may
not be applicable to certain models.

An alternative approach to obtain a Kalman-like filtering algorithm for a non-
linear SSM is the so-called unscented Kalman filter (UKF) [12-14]. These methods
define a precomputed grid, which is designed so that the moments before and after
the nonlinear transformations stay consistent. There is a class of similar methods
called sigma-point filters, which rely on the same principle [126]. The UKF can
be successfully applied for cases where derivatives of the models are not available.
The second Kalman-type filter, which is widely used by weather prediction prac-
titioners, is the ensemble Kalman filter (EnKF). The EnKF resembles a Monte
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Algorithm 2.2 Bootstrap Particle Filter

1: Generate the initial particle system {J:(()i)}f\il by drawing N times indepen-
dently from the prior 7.
2: fort >1do

3: Sampling: draw a’:gi) ~ Tt(dxt]a:y_)l) independently for every i = 1,..., N.

4: Weighting: compute ng) = gt(i:f))/ZtN for every ¢ = 1,..., N, where
¥ =y, a(@).

5: Resampling: draw J:Ei), 1 = 1,...,N from the discrete distribution
> ng)éigi) (dx), independently for i = 1,..., N.

6: end for

Carlo method since it proceeds by generating samples in the state space using
the state equation. The covariance matrices and some other key quantities for
the Kalman filter are approximated empirically in the filter using the ensemble of
samples. The EnKF has been proved successful, especially for high-dimensional
problems, and has been consistently used in practice, e.g., for weather prediction
[15-19].

2.3.5 Particle filters

Consider a general SSM (7o, 7%, g¢)t>1,

g ~ 7T0(:170),
$t\$t—1 ~ Tt(ﬂft|$t—1)7

ytlve ~ gi(yelze), t €Ny,

where 7, 73, and g; denote the prior, the transition model, and the likelihood func-
tion, respectively. Suppose that 7 and g; are such that none of the Kalman-type
filters summarized above are applicable due to non-Gaussianity and nonlinearities.
In this case, a generic inference method, based on the Monte Carlo principle, can
be developed. This type of Monte Carlo estimators are called sequential Monte
Carlo (SMC) methods [131-133]. In the rest of this section, we introduce a special
class of SMC methods called bootstrap particle filters (BPFs); then we review
general particle filters (PFs).

Bootstrap particle filters

Suppose that we are given a collection of particles {xgz_)l}f\;l at time t — 1, forming

an empirical approximation ﬂﬁ 1 of the optimal filter m;_1. The BPF first obtains
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the empirical approximation & of the predictive measure &, by propagating the

existing samples using the transition kernel, i.e., by sampling

:z»f) ~ Tt(dxt‘wgi—)ﬂ? i=1...,N,

and then constructs the approzimate predictive measure

dﬁt Zé (z dCCt

Next, each sample is assessed and given weights using the likelihood. Recalling

the notation g;(x¢) := g¢(yi|xt), the weight of the i-th particle becomes

o__e@)

w; o =
SN @)

and it yields the weighted measure

...,N,

da:t Z wt ) RO (dxy).
Although, #}¥ is enough to estimate expectations w.r.t. 7, in practice weights ng)
become degenerate, rendering the algorithm practically useless [131-133]. In order
to tackle this problem, a resampling step is usually performed after the weighting

step, by sampling N i.i.d. particles
xi)wwt (dzy), i=1,...,N,

and constructing the resampled measure

dmt o (day).

||M2

We note that the resampling step, as we have described it here, corresponds to
multinomial resampling scheme. There are alternative resampling schemes with
practically improved performance [134].

The BPF possesses several useful theoretical properties. In the following, we

state an L, convergence proof.

Assumption 2.1. The likelihood function is positive and bounded, i.e.,
gt(z1) >0 and  |[|ge]loc = sup [ge(@)| < o0,
xEX

fort=1,...,T.
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Theorem 2.3. Let y1.7 be arbitrary but fized observation sequence with T < oo.
If Assumption 2.1 is satisfied, then

C.
loom) — (i, wy | < CllPlleo (2.42)

VN

fort=1,...,T, any ¢ € B(X), anyp > 1 and some constant c; , < oo independent
of N.

Proof. See Appendix A.1. [J

Note that Theorem 2.3 can be used to prove a uniform convergence result with
additional assumptions [30]. We make this aspect clearer in Chapter 3, when we
present a result similar to Theorem 2.3 for the nudged particle filter.

Moreover, we have the following bound for the random error made by the BPF.

Corollary 2.3. Assume Theorem 2.8 holds. Then for everyt > 1,

Utis

(e, ") = (o, m)| < —2, (2.43)
N2

where Uy s 1s an almost surely finite random variable and 0 < § < % s a constant

independent of N. As a consequence,

lim ((pa ng) = ((pa 7rt>7 a.s. (244>
N—o0

for any ¢ € B(X).

Proof. The proof of this corollary follows from Theorem 2.3 and the proof of
Corollary 2.1. O

The full procedure of the BPF is outlined in Algorithm 2.2.

General particle filters

The BPF can be seen as a special case of a general sequential Monte Carlo method.
In this section, we introduce the general PF formulation as an importance sampling
method for increasing dimension. To be more precise, we introduce the PF with
general proposals. The convergence of this scheme has been studied but we will
not go into the details, instead refer to, e.g., [135] for L* convergence. We assume
all distributions are absolutely continuous with respect to Lebesgue measure for

simplicity.
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Algorithm 2.3 General Particle Filter

1: Generate the initial particle system {xo)}N 1 by drawing NN times indepen-
dently from the prior 7.
2: for t > 1 do

Sampling: draw z,

(4)

w

~ qt(dxt|:ct ,) independently for every i =1,..., N.

o

Weighting: compute

o @2 gz

w; X 0 ,
g (@)

for every i =1,...,N.
5: Resampling: draw :1;(1) i = 1,...,N from the discrete distribution
> wgz)ég_:y) (dzx), independently for i = 1,..., N.

6: end for

Let us define a product space X®! := ®}_, X at time . The unnormalized
distribution of the SSM defined on X®' is given as,

t
I (21:4) = mo(xo H (@k|zk—1) gk (k).

In order to define an importance sampling procedure, let us define a proposal
distribution on X®? as

t

t(71:¢) H (zk|T1:8-1)

Now, we can write the weights of the importance sampler at time ¢ for the entire
trajectory as
dIl
dg
Mg (14— I (1. 1
_ 1(T1:4-1) t(1:1) ' (2.45)
G—1(x10-1) T1(@1:4-1) @ (4] 21:0-1)
—_——

Wi—1(z1:6—1)

Wt(xlzt) = (xl:t)u

Expression (2.45) finally yields
Wit(z1:4) = Wimr (@14-1)wi(21:4),
where w(z1.4) is called the incremental weight function and can be written as

T (@e|zi—1)ge (1)

@t (t|T1:4-1) (2.46)

wt($1:t) =
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The PF is a method which takes advantage of the sequential structure of the
weights. It can be seen that one can update the weights by computing only the
incremental weight. When the proposal ¢;(x¢|z14—1) depends only on the pair
(x¢—1,2¢), this leads to very efficient importance samplers on the path space, in
the sense that they can be implemented without the need of increasing the com-
putational cost per iteration.

Assume that we are given the particle system in the path space {3:(1135_1}@]\;1
Also, let us assume that the proposal ¢; only depends on the previous time, that is,
it is a Markov kernel which admits a density of the form ¢;(x¢|x;—1). The general

PF first samples from this kernel, i.e.,
70 dae 2D s C_
o~ q(dae|ay ) iid. fori=1,...,N.

Next, we compute weights as shown in (2.46), i.e.,

o @ )g @)
Wt XX

= , fori=1,...,N.
au (2 |z),)

Note that the incremental weight in (2.46) is unnormalized, we thus use the no-

tation o to indicate that the weights ng) are normalized accordingly. Finally, a

resampling scheme is implemented in order to prevent weights from degenerating,
N
wﬁi) ~ ;Wti)5x§i) (day), fori=1,...,N,
and the approximation of 7y is constructed as

N
1
N (day) = N E (5x§i) (dzy).
i=1

The full procedure of the general PF is outlined in Algorithm 2.3.

2.4 Numerical optimization

2.4.1 Introduction

Optimization methods play a central role in this thesis. An optimization problem

can be defined as finding some 6* such that

6" € aré;gergin 1(0), (2.47)

where f(-) is some cost function. In this section, we are interested in unconstrained

optimization, therefore © = R?. If f is a convex function, one can say that
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there is a unique function value for the global minima, i.e., there exists a unique
f* := ming f(#). To have a unique minimum 6*, one needs strong convexity of f
[53].

Most optimization problems cannot be solved analytically, hence typically a nu-
merical optimization method is used. Given an initial point, a numerical method
for optimization (which we term an optimizer) collects information about the
function and utilizes this information to achieve descent moves, i.e., moves which
reduce the value of the cost function. A numerical optimizer can use function eval-
uations, gradients (or higher order information), or tools like proximal operators
(which we will introduce later) to achieve a descent direction. Broadly, we can

classify optimizers into three general classes:
e Zeroth-order optimizers which only have access to function evaluations f(-),

e First-order optimizers which have access to function evaluations f(-) and
gradients Vf(-),

e Second-order optimizers which have access to function evaluations f(-), gra-
dients V f(-), and Hessians V2 f(-).

In many important scenarios arising in signal processing and machine learning,
however, it is often the case that quantities like function evaluations or gradients
can only be computed approximately. This kind of problems are referred to as
stochastic optimization problems. In general, stochastic optimizers can also be
classified into the same three classes, namely: (i) zeroth order, (ii) first order, and
(iii) second order optimizers. In this case, however, the quantities used by the
optimizer contain some form of randomness. This randomness does not have to
be limited to the case of additive noise, as we will make clear in the sequel.

In this work we are particularly interested in the stochastic setting that arises

when the cost function has the additive form
1 n
FO) == 1s(0) (2.48)
k=1

with large n. In this case, it is inefficient to compute function evaluations or gra-
dients since, in an applied setup, each fi (which we refer to as the kth component
function) is parameterized by a data-point. This means that computing the gra-
dient of f requires processing all dataset for a single iteration. In this case, there
are different strategies to move in the parameter space while using only a few
of the component functions at each iteration. One such strategy is subsampling

with replacement of the individual functions f;, and constructing a surrogate cost

39



Chapter 2. Fundamentals

function, which yields an unbiased estimator of the function evaluation and its

gradient. In particular, let us assume that we obtain
~ 1 E
f0) =+ ;fw),

where 41, ..., ik are sampled uniformly from the index set [n] = {1,...,n}. In this
context, K is called as the mini-batch size. This leads to an unbiased estimate of

the function, i.e.,

Ei,..ire | F(0)] = 1(0).

Subsampling with replacement is especially used to estimate the gradients of the

functions, i.e., at time ¢, one obtains

1 K
9= 32> Vi (0r1),
k=1
where

Ei,,..ix [9¢] = Vf(0i-1).

Although this estimate is unbiased, it is not possible to obtain the exact form of
the randomness in this case. It is clear that, as K increases, the noise induced
on the function evaluations and gradients approaches a Gaussian random variable,
whose variance is related to the mini-batch size K.

Although stochastic gradient methods use subsampling with replacement, and
the theory of SGD methods rely heavily on this assumption, there are many other
stochastic optimization methods which use, e.g., subsampling without replace-
ment, see [84, 85] for some convergence results regarding subgradient methods

with different subsampling methods.

2.4.2 Gradient descent

One of the most basic and popular optimization algorithms is the well-known
gradient descent (GD) method. Given a function f and an initial point 6y, the

GD recursion has the form
9t == 9t_1 - ’}/Vf(et_l), (249)

where v > 0 is a step-size parameter. Eq. (2.49) describes a dynamical system that
moves 6; in the direction of negative gradient, hence obtaining a sequence (6;):>0
that progressively moves toward a minimum of f. Under suitable conditions, the

GD is known to converge asymptotically as ¢ — oo with a rate O(1/t) for convex

f 53]
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2.4.3 Stochastic gradient descent

As we have mentioned in Section 2.4.1, it is often the case that gradients can
only be obtained with some noise. In this section, we introduce the stochastic
gradient descent (SGD) method, the most basic extension of the GD that uses
noisy gradients instead of exact gradients.

In particular, at iteration ¢, we denote the noisy gradient as g;, and it can be

written as

gt = Vf(0i—1) + 1,

where 7; is a random variable. If E[n;] = 0, then the noisy gradient is unbiased.

Having obtained the noisy gradient at time ¢t — 1, the SGD recursion is defined as
0r = 0i—1 — 1gt,

where (7¢)¢>1 is a sequence of step-sizes, which has to satisfy certain conditions for
convergence. For asymptotic convergence, i.e., for the regime t — oo, it is enough
to assume [60, 61] that

Z% =00 and Z%Z < 00.
t t

In finite time, under suitable assumptions, the SGD converges with a rate O(1/v/1),
slower than the GD rate O(1/t), due to the noise on the gradients. The rate can be
improved under different conditions, such as strong convexity. See [62, 67, 136, 137]

and references therein for the detailed investigation of the convergence of the SGD.

2.4.4 Proximal point iteration

Despite GD-based optimization has dominated many application areas, there are
cases where it is not possible to apply GD based optimization, e.g., the case of
nondifferentiable cost functions. An alternative to GD methods for such a scenario
is to use a proximal operator in order to identify a descent direction. The methods
utilizing proximal operators are collectively called proximal methods and they have
become increasingly popular for nonsmooth optimization- See, e.g., [77, 76] for an
introduction and applications in signal processing.

In this section, we introduce the proximal point iteration (PPI), the most basic

proximal algorithm. First, we start by defining the proximal operator [76].

Definition 2.1. Given a function f, its proximal operator proxfy(Qo) with a

symmetric positive definite matrix V € R%*? is defined as

. 1
proxy,y (6o) = argmin £(6) + 5 (|6 — 6oll3,v (2.50)
fcRo
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where
10]l2,y =V ATV -19.

When V = I, we simplify the notation and write proxf(Go). We also note the

proximal operator of v f, which follows from Definition 2.1,
) 1
prox, ¢(6o) = argmin f(6) + 2*”9 — 0ol3-
gcRd 2

We have noted that the proximal operator achieves a descent step in the parameter
space. Therefore, it can be viewed as an alternative to the gradient step, when the
latter is not possible to implement. Although we will not prove the fact that the
proximal operator achieves a descent step, we discuss some interpretations of the
proximal operators, which are useful in order to understand its relationship with

the gradient descent.

Remark 2.2. Proximal operator implements an implicit gradient step. More
precisely, we can interpret the proximal operator as an implicit gradient step for
differentiable f. Note that, in order to compute prox, ((fo), we have to solve the

equation

1
0) +—|16 — 6|3 ) =
Vi (f( ) + 27” 0’2) 0,
which yields
0 =060 — YV f(0).
This is an implicit equation that has to be solved for 6. [

Remark 2.3. Conversely, an explicit gradient step can be seen as an approxima-
tion to the proximal operator [138]. In order to see this, consider the following

linear approximation of f(#) around 6y,
f(0) = £(80) + Y £(80)" (6 — 0o).

Dropping the terms unrelated to 6, the proximal operator of f, i.e., proxwr(eo) can

be written as

1
0 = argmax V£ (6p) "0 + — |6 — 6o]|3.
9cRd 2y

Solving this problem for 6 yields the usual explicit gradient step:

0 =60 — vV [f(bo).
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Next, we summarize a proximal point iteration to solve the minimization prob-
lem of f. In order to minimize a general f (which is not necessarily smooth)
starting from an initial parameter 6y, one can use the following recursion, which

is called as the PPI [76],
0r = prox. ¢(6¢—1). (2.51)

The PPI has a convergence rate O(1/t) for convex f, when v > 0, and constant

or bounded away from zero for every t.

Remark 2.4. We note that, in the light of Remark 2.2, the iteration (2.51) has an
intrinsic relationship with gradient descent for smooth f. In particular, it is well
known that the gradient descent scheme can be seen as an explicit Euler integration

of the continuous-time gradient flow ordinary differential equation (ODE) [76],

do(t)
—— ==V f(0()).

)
Using Remark 2.2, on the other hand, we can conclude that recursion (2.51) can
be seen as an implicit Euler integration of the same ODE [76]. Therefore, the GD
and the PPI can be seen as different numerical methods for solving the same ODE.

O

2.4.5 The incremental proximal method

The incremental proximal method (IPM) is a stochastic proximal method, meaning
that it minimizes cost functions of the form (2.48), while only using one (or a few)
component functions at each iteration. The IPM method has been analyzed from
different perspectives, see e.g., [84, 85, 138]. To be specific, at iteration ¢, the

incremental proximal method solves
0r = prox s, (6:-1)

where f;, is the i;th component function and i; ~ [n] is drawn uniformly at random.
However, as analyzed in [84, 85], the algorithm has also convergence guarantees
when the component functions are chosen without replacement or in cyclic order,
i.e., when one scans the dataset multiple times in same order. The IPM converges
with rate O(1/+v/t) and, similar to the SGD, this rate can be improved to O(1/t)
under additional assumptions on the cost function; see, e.g., [139]. We remark
that the IPM is of special interest to us in this thesis, since it turns out that it

can be understood as a sequential inference method (see Chapter 4 for details).
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Nudging the particle filter

In this chapter, we introduce the nudged particle filter (NuPF), a novel particle
filtering method aimed at addressing some shortcomings of the bootstrap particle
filter (BPF). In particular, the NuPF incorporates a sampling scheme based on the
general idea of nudging the particles towards high-likelihood regions. This approach
improves performance for mis-modeled dynamical systems as well as for some high-

dimensional examples.

3.1 Introduction

In this chapter, we propose a modification of the PF, termed the nudged particle
filter (NuPF) and assess its performance in high dimensional settings and with
misspecified models.

We use the same idea for nudging that is presented in the literature, as re-
viewed in Chapter 1. However, our algorithm has subtle but crucial differences.
Recall that nudging is defined as a step aiming at moving state particles towards
observed data, via some observation dependent operator. Although, we use the

same concept to move our particles, we note the following crucial differences.

e First, we define the nudging step not just as a relaxation step towards obser-
vations but as a step that strictly increases the likelihood of a subset of parti-

cles. This definition paves the way for using different nudging schemes, such
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as using the gradients of likelihoods or employing random search schemes to
move around the state-space. In particular, classical nudging (relaxation)
operations arise as a special case of nudging using gradients when the likeli-
hood is assumed to be Gaussian. Compared to IPFs, the nudging operation
we propose is easier to implement as we only demand the likelihood to in-
crease (rather than the posterior density). Indeed, nudging operators can be
implemented in relatively straightforward forms, without the need to solve

model-dependent equations.

e Second, unlike the other nudging based PFs, we do not correct the bias
induced by the nudging operation during the weighting step. Instead, we
compute the weights in the same way they would be computed in a conven-
tional (non-nudged) PF. However, we carry out the nudging step in a way
that preserves the convergence rate of the PF under mild standard assump-
tions. In particular, we push only a fraction of particles and leave others
untouched, which is key to preserving the Monte Carlo convergence rate, in
addition to a significant computational gain. Also, computing biased weights
is usually faster than computing proper (unbiased) weights. Depending on
the choice of nudging scheme, the proposed algorithm can have an almost
negligible computational overhead compared to the conventional PF from

which it is derived.

In order to illustrate the contributions outlined above, we present computer
the results of several computer experiments with both synthetic and real data.
In the first example, we assess the performance of the NuPF when applied to a
linear-Gaussian SSM. The aim of these computer simulations is to compare the es-
timation accuracy and the computational cost of the proposed scheme with several
other competing algorithms, namely a standard BPF, a PF with optimal proposal
function and a NuPF with proper weights. The fact that the underlying SSM is
linear-Gaussian enables the computation of the optimal importance function (in-
tractable in a general setting) and proper weights for the NuPF. We implement
the latter scheme because of its similarity to standard nudging filters in the liter-
ature. This example shows that the NuPF suffers just from a slight performance
degradation compared to the PF with optimal importance function or the NuPF
with proper weights, while the latter two algorithms are computationally more
demanding.

The second and third examples are aimed at testing the robustness of the NuPF
when there is a significant misspecification in the state equation of the SSM. This

is helpful in real-world applications because practitioners often have more control
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over measurement systems, which determine the likelihood, than they have over
the state dynamics. We present computer simulation results for a stochastic Lorenz

63 model and a maneuvering target tracking problem.

In the fourth example, we present numerical results for a stochastic Lorenz 96
model, in order to show how a relatively high-dimensional system can be tracked
without a major increase of the computational effort compared to the standard
BPF. For this set of computer simulations we have also compared the NuPF with
the Ensemble Kalman filter (EnKF'), which is the de facto choice for tackling this
type of systems.

Let us remark that, for the two stochastic Lorenz systems, the Markov kernel
in the SSM can be sampled in a relatively straightforward way, yet transition
probability densities cannot be computed (as they involve a sequence of noise
variables mapped by a composition of nonlinear functions). Therefore, computing
proper weights for proposal functions other than the Markov kernel itself is, in

general, not possible for these examples.

Finally, we demonstrate the practical use of the NuPF on a problem where a
real dataset is used to fit a stochastic volatility model using either particle Markov
chain Monte Carlo (pMCMC) [140] or nested particle filters [141].

Organization

The chapter is structured as follows. We describe the SSMs of interest and the
BPF in Section 3.2. Then in Section 3.3, we outline the general algorithm and the
specific nudging schemes we propose to use within the PF. We prove a convergence
result in Section 3.4 which shows that the new algorithm has the same asymptotic
convergence rate as the BPF. We also provide an alternative interpretation of the
nudging operation which shows that it defines an implicit model adapted to the
data which explains its robustness in scenarios where there is a mismatch between
the observed data and the assumed SSM. We discuss the computer simulation

experiments in Section 3.5 and present results for real data in Section 3.6.

3.2 Background

In this section, we briefly recall the notions we have introduced in Chapter 2.
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3.2.1 State space models

‘We consider SSMs of the form

xo ~ mo(dzo) (3.1)
."L‘t|l‘t71 ~ Tt(dl‘t|$t71) (3.2)
yelze ~ gi(yelwe), teN, (3.3)

where x; € X is the system state at time ¢, y; € Y is the ¢t-th observation, the
measure 7y describes the prior probability distribution of the initial state, 7y is
a Markov transition kernel on X, and g¢;(y:|x;) is the (possibly non-normalized)
pdf of the observation 3; conditional on the state x;. We assume the observation
sequence (y¢)ien is arbitrary but fixed. Hence, it is convenient to think of the
conditional pdf g; as a likelihood function and we write g¢(z¢) := g¢(y¢|x¢) for
conciseness.

We are interested in the sequence of posterior probability distributions of the
states generated by the SSM. In particular, we aim at computing the sequence
of probability distributions 7y, for ¢ = 1,...,T, which describes the probability
distribution of the state x; conditional on the observation of the sequence y;.;. The
measure 7; is often termed the optimal filter at time t. We denote the predictive

measure as &;.

3.2.2 Bootstrap particle filter

As we already discussed in Chapter 2, the BPF [20] is a recursive algorithm that
produces successive Monte Carlo approximations of & and 7 for t = 1,2, .... The
method can be outlined as shown in Algorithm 2.2. After an initialization stage,
where a set of independent and identically distributed (i.i.d.) samples from the
prior are drawn, the BPF consists of three recursive steps which can be schemati-

cally represented as

A S o A S vA (3.4)
sampling weighting resampling

Given a Monte Carlo approximation 7Y ; = % Zfil 573(1') computed at time ¢t — 1,

the sampling step yields an approximation of the predictive measure & of the form
1N
N —_— .
& = E 1 0yt
1=

by propagating the particles {xiz_)l}f\il via the Markov kernel Tt(]my_)l) The ob-

servation y; is assimilated via the importance weights wgi) x gt(:L‘EZ)), to obtain the
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approximate filter

N

~N _ (4)

T = Zwt 5:#),
i=1

and the resampling step produces a set of un-weighted particles that completes

the recursive loop and yields the approximation

N
N
=—> 0 .

The random measures &, 7" and 7}¥ are commonly used to estimate a poste-
riori expectations conditional on the available observations. For example, if ¢ is a
function X — R, then the expectation of the random variable ¢(z;) conditional on
y1:e—1 18 E[o(xe)|y1.e—1] = (p,&). The latter integral can be approximated using
&N, namely,

(0.8 = [ wlegalde) ~ (o,6)
1 s
— [ elang(dn) = 5 Y el
=1

Similarly, we can have estimators (¢, 7;" ) = (¢, m) and (¢, ) =~ (¢, 7). Classical
convergence results are usually proved for real bounded functions, e.g., if ¢ € B(X)
then

]\}im (0, 7m) — (@, 7)] =0 almost surely (a.s.)
—00

under mild assumptions; see [33, 2| and references therein.

We recall that, as summarized in Section 2.3.5, the BPF can be generalized
by using arbitrary proposal pdf’s qt(:ct\xgi_)l, y¢), possibly observation-dependent,
instead of the Markov kernel Tt('|l’§i_)1), in order to generate the particles {a’ciz) N
in the sampling step. This can lead to more efficient algorithms, but the weight

computation has to account for the new proposal and we obtain [131],

W) o 9@ (@ )
t i i
012\ u)

, (3.5)

which can be more costly to evaluate. This issue is related to the nudged PF
to be introduced in Section 3.3 below, which can be interpreted as a scheme to
choose a certain observation-dependent proposal qt(a;t|$£i_)l, y¢). However, the new
method does not require that the weights be computed as in (3.5) in order to

ensure convergence of the estimators.
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3.3 Nudged particle filter

3.3.1 General algorithm

Compared to the standard BPF, the nudged particle filter (NuPF) incorporates
one additional step right after the sampling of the particles {:Eiz)}fil at time t.
The schematic depiction of the BPF in (3.4) now becomes

N N cN ~N N
mao = & &G o T T T (3.6)
sampling nudging weighting resampling

where the new nudging step intuitively consists in pushing a subset of the gener-
ated particles {a’;il)}fil towards regions of the state space X where the likelihood
function g.(z) takes higher values.

When considered jointly, the sampling and nudging steps in (3.6) can be seen
as sampling from a proposal distribution which is obtained by modifying the kernel
T¢(+|z¢—1) in a way that depends on the observation y;. Indeed, this is the classical
view of nudging in the literature [44-47]. However, unlike in this classical approach,
here the weighting step does not account for the effect of nudging. In the proposed
NuPF, the weights are kept the same as in the original filter, wt(i) x gt(mgi)). In
doing so, we save computations but, at the same time, introduce bias in the Monte
Carlo estimators. One of the contributions of this chapter is to show that this bias
can be controlled using simple design rules for the nudging step, while practical
performance can be improved at the same time.

In order to provide an explicit description of the NuPF, let us first state a

definition for the nudging step.

Definition 3.1. A nudging operator a* : X — X associated with the likelihood

function g,(z) is a map such that
if 2 = (z) then gi(a')> go(x) (3.7)
for every x,2’ € X.

Intuitively, we define nudging herein as an operation that increases the likeli-
hood. There are several ways in which this can be achieved and we discuss some
examples in Sections 3.3.2 and 3.3.3. The NuPF with nudging operator of* : X — X
is outlined in Algorithm 3.1.

It can be seen that the nudging operation is implemented in two stages.

e First, we choose a set of indices Z; C [N] that identifies the particles to be

nudged. Let M = |Z;| denote the number of elements in Z;. We prove in
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Algorithm 3.1 Nudged Particle Filter (NuPF)

1:

Generate the initial particle system {uflc(()i)}i:1 by drawing N times indepen-

dently from the prior 7.

: fort>1do
Sampling: draw a’:gl) ~ Tt(dxt\xgl) independently for every ¢ =1,..., N.
Nudging: choose a set of indices Z; C [N], then compute a?gz) =af' (fgz))

for every i € Z;. Keep 50,@ = i‘,Ei) for every i € [N]\Z;.

Weighting: compute wt(i) = gt(jgi))/ZgV for every « = 1,..., N, where
ZN =L 9@)).

Resample: draw xgi) from ), wgi)&(i) (dz) independently for i = 1,..., N.
Ty

: end for

Section 3.4 that keeping M < O (\/N ) allows the NuPF to converge with

the same error rates O (ﬁ) as the BPF. In Section 3.3.2 we discuss two

simple methods to build Z; in practice.

e Second, we choose an operator " that guarantees an increase of the likeli-
hood of any particle. We discuss different implementations of a* in Section
3.3.3.

We devote the rest of this section to a discussion of how these two steps can be

implemented (in several ways).

3.3.2 Selection of particles to be nudged

The set of indices Z;, that identifies the particles to be nudged in Algorithm 3.1,

can be constructed in several different ways, either random or deterministic. In

this chapter, we describe two simple random procedures with little computational

overhead.

e Batch nudging: Let the number of nudged particles M be fixed. A simple way
to construct Z; is to draw indices 1,12, ..., iy uniformly from [N] without
replacement, and then let Z; = i1.py. We refer to this scheme as batch
nudging, referring to selection of the indices at once. One advantage of this
scheme is that the number of particles to be nudged, M, is deterministic and

can be set a priori.

e Independent nudging: The size and the elements of Z; can also be selected

randomly in a number of ways. Here, we have studied a procedure in which,
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for each index i = 1, ..., N, we assign ¢ € Z; with probability % In this way,
the actual cardinality |Z;| is random, but its expected value is exactly M.
This procedure is particularly suitable for parallel implementations, since

each index can be assigned to Z; (or not) at the same time as all others.

3.3.3 How to nudge

The nudging step is aimed at increasing the likelihood of a subset of individual par-
ticles, namely those with indices contained in Z;. Therefore, any map «of" : X — X
such that (groaf")(z) > g¢(x) when z € X is a valid nudging operator. Typical pro-
cedures used for optimization, such as gradient moves or random search schemes,
can be easily adapted to implement (relatively) inexpensive nudging steps. Here

we briefly describe a few of such techniques.

e Gradient nudging: If g,(x;) is a differentiable function of x;, one straightfor-
ward way to nudge particles is to take gradient steps. In Algorithm 3.2 we
show a simple procedure with one gradient step alone, and where v > 0 is a
step-size parameter and V,g:(z) denotes the vector of partial derivatives of

g: with respect to the state variables, i.e.,

dgt
awlyt xl,t
9g¢
8272 x27t
Vgt = N for xy = . eX.
99t
L 8xd:c’t i xdﬁfvt

Algorithms can obviously be designed where nudging involves several gradi-
ent steps. In this work we limit our study to the single-step case, which is
shown to be effective and keeps the computational overhead to a minimum.
We also note that the performance of gradient nudging can be sensitive to
the choice of the step-size parameter v > 0, and this is, in turn, model

dependent.

e Random nudging: Gradient-free techniques inherited from the field of global
optimization can also be employed in order to push particles towards regions
where they have higher likelihoods. A simple stochastic-search technique
adapted to the nudging framework is shown in Algorithm 3.3. We hereafter

refer to the latter scheme as random-search nudging.

e Model specific nudging: Particles can also be nudged using the specific model

information. For instance, in some applications the state vector z; can be
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split into two subvectors, z§P% and 2"°P* (observed and unobserved, respec-

tively), such that g;(z¢) = g:(22), i.e., the likelihood depends only on ¢

and not on xS, If the relationship between ¢ and 2" is tractable,
one can first nudge z¢P® in order to increase the likelihood and then modify
2}°Ps in order to keep it coherent with 9. A typical example of this kind
arises in object tracking problems, where positions and velocities have a spe-
cial and simple physical relationship but usually only position variables are
observed through a linear or nonlinear transformation. In this case, nudging
would only effect position variables. However, using position variables, one
can also nudge velocity variables with simple rules. We discuss this idea and

show numerical results in Section 3.5.

Algorithm 3.2 Gradient nudging

1: for every ¢ € Z; do
7 =3 + Vo (7))

2: end for

Algorithm 3.3 Random search nudging

1: repeat

2: Generate 55?) = fgi) + n where 7, ~ N(0,C) for some covariance matrix

C.
3: If gt(i'gi)) > gt(i'gi)) then keep i’y) , otherwise set a?gi) =z

4: until the particle is nudged.

3.3.4 Nudging general particle filters

In this chapter we limit our presentation to BPFs in order to focus on the key
concepts of nudging and ease presentation. It should be apparent, however, that
nudging steps can be plugged into general PFs. More specifically, since the nudging
step is algorithmically detached from the sampling and weighting steps, it can be
easily used within any PF, even if it relies on different proposals and different
weighting schemes. We leave for future work the investigation of the performance

of nudging within widely used PF's, such as auxiliary particle filters (APFs). [142].
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3.4 Analysis

The nudging step modifies the random generation of particles in a way that is not
compensated by the importance weights. Therefore, we can expect nudging to
introduce bias in the resulting estimators in general. However, in Section 3.4.1 we
prove that, as long as some basic guidelines are followed, the estimators of integrals
with respect to the filtering measure m; and the predictive measure & converge in
L, as N — oo with the usual Monte Carlo rate O(1/v/N). The analysis is based
on a simple induction argument and ensures the consistency of the estimators.
In Section 3.4.2 we briefly comment on the conditions needed to guarantee that
convergence is attained uniformly over time. We do not provide a full proof, but
this can be done extending the classical arguments in [30] or [33] and using the
same treatment of the nudging step as in the induction proof of Section 3.4.1.
Finally, in Section 3.4.3, we provide an interpretation of nudging as a conventional
particle filtering for a modified model. In particular, we show that the NuPF can
be seen as a standard PF for a modified SSM.

3.4.1 Convergence in L,

The goal in this section is to provide theoretical guarantees of convergence for the
NuPF under mild assumptions. First, we analyze a general NuPF (with arbitrary
nudging operator " and an upper bound on the size M of the index set Z;) and
then we provide a result for a NuPF with gradient nudging.

Before proceeding with the analysis, let us note that the NuPF produces several
approximate measures, depending on the set of particles (and weights) used to

construct them. After the sampling step, we have the random probability measure

1
t N z_: El) ’ (38)
which converts into
N
=N Z 5§j§i) (3.9)
i=1
after nudging. Once the weights wt(i) are computed, we obtain the approximate
filter

N .
= wt(’)aigi), (3.10)
=1
which finally yields
N
1
N = v Zé 0 (3.11)
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after the resampling step.
Similar to the BPF, the simple Assumption 3.1 stated next is sufficient for
consistency and to obtain explicit error rates [29, 143, 103] for the NuPF, as

stated in Theorem 3.1 below.

Assumption 3.1. The likelihood function is positive and bounded, i.e.,

gt(we) >0 and ||gtllo = sup [ge(71)| < 00

x€X

fort=1,...,T.

Theorem 3.1. Let y1.7 be an arbitrary but fized sequence of observations, with
T < 0o, and choose any M < /N and any map of' : X — X. If Assumption 3.1
is satisfied and |Z;y| = M, then

cepllplloo

VN

for every t = 1,2,....T, any ¢ € B(X), any p > 1 and some constant c¢;, < 00
independent of N.

1, 72 = (o, )l < (3.12)

See Appendix A.2 for a proof.

Theorem 3.1 is very general; it actually holds for any map of* : X — X, i.e.,
not necessarily a nudging operator. We can also obtain error rates for specific
choices of the nudging scheme. A simple, yet practically appealing, setup is the
combination of batch and gradient nudging, as described in Sections 3.3.2 and

3.3.3, respectively.

Assumption 3.2. The gradient of the likelihood is bounded. In particular, there

are constants Gy < 0o such that
[Vage(z)|]2 < Gy < o0
for everyxr e X andt=1,2,...,T.

Lemma 3.1. Choose a step-size v > 0 and the number of nudged particles M > 0
in such a way that YM < /'N. If Assumption 3.2 holds and ¢ is a Lipschitz
test function, then the error introduced by the batch gradient nudging step with
|Zt| = M can be bounded as,

(0.6 = e8] <

where L is the Lipschitz constant of p, for everyt =1,...,T.
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See Appendix A.2 for a proof.
It is straightforward to apply Lemma 3.1 to prove convergence of the NuPF
with a batch gradient-nudging step. Specifically, we have the following result.

Theorem 3.2. Let y1.7 be an arbitrary but fized sequence of observations, with
T < oo, and choose a step size v > 0 and an integer M such that yM < \/N.
Let m denote the filter approvimation obtained with a NuPF with batch gradient
nudging. If Assumptions 3.1 and 3.2 are satisfied and |I;| = M, then

VN

for everyt =1,2,....,T, any bounded Lipschitz function ¢, some constant c;j, < 00

(e, ) = (0, m)lp < (3.13)

independent of N for any integer p > 1.

The proof is straightforward (using the same argument as in the proof of The-
orem 3.1 combined with Lemma 3.1) and we omit it here. We note that Lemma
3.1 provides a guideline for the choice of M and ~. In particular, one can se-
lect M = NP, where 0 < B < 1, together with v < N378 in order to ensure
yM < V/N. Actually, it would be sufficient to set v < CN 375 for some constant
C' < oo in order to keep the same error rate (albeit with a different constant in the
numerator of the bound). Therefore, Lemma 3.1 provides a heuristic to balance
the step size with the number of nudged particles. We can increase the number of
nudged particles but in that case we need to shrink the step size accordingly, so
as to keep ¥M < +/N. Similar results can be obtained using the gradient of the

log-likelihood, log ¢g;, if the g; comes from the exponential family of densities.

3.4.2 Uniform convergence

Uniform convergence can be proved for the NuPF under the same standard as-
sumptions as for the conventional BPF; see, e.g., [30, 33]. The latter can be

summarised as follows [33]:

(i) The likelihood function is bounded and bounded away from zero, i.e., g €

B(X) and there is some constant a > 0 such that inf;~o zex g:(x) > a.
(ii) The kernel mixes sufficiently well, namely, for any given integer m there is a
constant 0 < € < 1 such that

. Tt+m|t(A’$)
inf _—

> ¢
t>0;(z,a") EX? Tt+m|t(A’x/)

for any Borel set A, where 7 ,,; is the composition of the kernels 74, o

Tt+m—10 "0 T¢.
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When (i) and (ii) above hold, the sequence of optimal filters {m;};>¢ is stable and
it can be proved that

N p

su y Tt) — y T S =

Pl ) — (.7 < 2

t>0

for any bounded function ¢ € B(X), ¢, < oo is constant with respect to N and ¢
and ﬂiN is the particle approximation produced by either the NuPF (as in Theorem
3.1 or, provided sup;~o G; < 00, as in Theorem 3.2) or the BPF algorithms. We
skip a formal proof as, again, it is straightforward combination of the standard
argument by [33] (see also, e.g., [144] and [141]) with the same handling of the

nudging operator in the proofs of Theorem 3.1 or Lemma 3.1 .

3.4.3 An alternative interpretation of nudging

We have found in computer simulation experiments that the NuPF is consistently
more robust to model errors than the conventional BPF. In order to obtain some
analytical insight of this scenario, in this section we reinterpret the NuPF as a
standard BPF for a modified dynamical model and discuss some features of the
method from this point of view. In particular, we argue that the model implicitly
defined by the NuPF can be seen as an automatic adaptation of the underlying
SSM to the available data.

Recall that we define SSMs with the prior 7y, the kernels 7+ and the likelihood
functions g(z) = gi(ye|z), for t > 1. In this section we write the latter as ¢¥' (z) =
9t(yt|z). Hence, we can formally represent the SSM defined by (3.1), (3.2) and
(3.3) as Mgy = (70,7, 9{")t>1, which refers to the model assumed by the user of
the algorithm. Now, let us assume yi.7 to be fixed and construct the alternative
SSM My = (19, 7", g{" )t>1, where

%ﬁt(dxt\xtfl) :(1 — 6M)Tt(dl‘t|$t,1) +5M/6a;~‘t(jt)(dxt>7—t(djt‘xt1)7 (314)

EM = % and the nudging operator o* is a one-to-one map that depends on the
(fixed) observation y;. We note that the kernel 7" jointly represents the Markov
transition induced by the original kernel 7; followed by an independent nudging
transformation (namely, each particle is independently nudged with probability
ey ). As a consequence, the standard BPF for model M; coincides exactly with a
NuPF for model M with independent nudging and operator «;*. Indeed, accord-
ing to the definition of 7% in (3.14), generating a sample igi) from 7/ (dxt]a;y_)l)

is a three-step process where

o we first draw iii) from Tt(dl‘t|l‘§i_)1),
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e then generate a sample ugi) from the uniform distribution ¢/(0, 1), and

o if ul(fi) < e then we set igi) =o' (:Z"y)), else we set :i"gi) = :Tsy).

After sampling, the importance weight for the BPF applied to model M/ is w,gi) x
gt (igz)). This is exactly the same procedure as in the NuPF applied to the original
SSM M (see Algorithm 3.1).

Some remarks are in order regarding this interpretation of the nudging scheme.

e Model M is not Markov; transition kernel at time ¢ depends on the obser-

vation y;, not only on x;_1.

e It has been discussed in Section 3.3 that nudging can be implemented in a
number of ways, depending on the selection of the particles and how they are
nudged. Different schemes, e.g., for the selection of particles, may translate

into different implicit models.

e Intuitively, nudging enables us to embed observations into the transition
kernels in a systematic way. We show in the experimental section that this
operation typically results in estimates with higher marginal likelihoods. We
believe that this feature makes the NuPF more robust to modeling errors

compared to conventional BPFs.

3.5 Computer simulations

In this section, we present the results of several computer experiments. In the first
one, we address the tracking of a linear-Gaussian system. This is a very simple
model which enables a clearcut comparison of the NuPF and other competing
schemes, including a conventional PF with optimal importance function (which is
intractable for all other examples) and a PF with nudging and proper importance

weights. Then, we study three nonlinear tracking problems:
e a stochastic Lorenz 63 model with misspecified parameters,

e a maneuvering target monitored by a network of sensors collecting nonlinear

observations corrupted with heavy-tailed noise,

e and, finally, a high-dimensional stochastic Lorenz 96 model'.

!For the experiments involving Lorenz 96 model, simulation from the model is implemented in

C++ and integrated into Matlab. The rest of the simulations are fully implemented in Matlab.
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Figure 3.1: (a) Empirical NMSE of the Optimal PF, NuPF-PW, NuPF, and BPF methods
implemented for the high-dimensional linear-Gaussian SSM given in (3.15)—(3.17). The
box-plots are constructed from 1,000 independent Monte Carlo runs. It can be seen that
the NMSE of the NuPF is comparable to the error of the Optimal PF and the NuPF-PW
methods. (b) RuntimesxNMSEs of all methods. This experiment shows that, in addition
to the fact that the NuPF attains a comparable estimation performance, which can be
seen in (a), it has a computational cost similar to the plain BPF. The figure demonstrates
that the NuPF has a comparable performance to the optimal PF for this model.

We have used gradient nudging in all experiments, with either M < v/N (de-
terministically, with batch nudging) or E[M] < v/N (with independent nudging).
This ensures the validity of the theoretical results presented in Section 3.4. For
the object tracking experiment, we have used a large step-size, but this choice does

not affect the convergence rate of the NuPF algorithm either.

3.5.1 A high-dimensional, inhomogeneous Linear-Gaussian state-
space model

In this experiment we compare different PF's implemented to track a high-dimensional

linear Gaussian SSM. In particular, the model under consideration is,

o ~ N(0,I,), (3.15)
xt|xt71 ~ N(xtfly Q)7 (316)
yt|33t ~ N(Ct$t7 R)7 (317)

where (x¢):>0 are hidden states, (y:);>1 are observations, and @ and R are the
process and the observation noise covariance matrices, respectively. The latter

are diagonal matrices, namely Q) = qly, and R = Iy, where ¢ = 0.1, d, = 100
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and d, = 20. The sequence (C})¢>1 defines a time-varying observation model.
The elements of this sequence are chosen as random binary matrices, i.e., Cy €
{0,1}%*% \where each entry is generated as an independent Bernoulli random
variable with p = 0.5. Once generated, they are fixed and fed into all algorithms
we describe below for each independent Monte Carlo run.

We compare the NuPF with three alternative PFs. The first method we im-
plement is the PF with the optimal proposal pdf p(x¢|xi—1,y:), abbreviated as
Optimal PF. The pdf p(x¢|zi—1,y:) leads to an analytically tractable Gaussian
density for the model (3.15)—(3.17) [131] but not in the nonlinear tracking exam-
ples below. Note, however, that at each time step, the mean and covariance matrix
of this proposal have to be explicitly evaluated in order to compute the importance
weights.

The second filter is a nudged PF with proper importance weights (NuPF-
PW). In this case, we treat the generation of the nudged particles as a proposal
function to be accounted for during the weighting step. To be specific, the proposal

distribution resulting from the NuPF has the form
7~'t<dl‘t‘fl't_1) = (]. — GN)Tt(dLUt|I't_1) -+ 6N77't(dl‘t‘l‘t_1), (318)

where ey = and

-

?t(dxt|xt—1) = /(50[1;“(xt)(dmt)Tt(dxt’xt—l)-

The latter conditional distribution admits an explicit representation as a Gaussian
for model (3.15)-(3.17) when «; operator is designed as a gradient step, but this
approach is intractable for the examples in Section 3.5.2 and Section 3.5.4. Note
that 7 is a mixture of two time-varying Gaussians and this fact adds to the cost of
the sampling and weighting steps. Specifically, computing weights for the NuPF-
PW is significantly more costly, compared to the BPF or the NuPF, because the
mixture (3.18) has to be evaluated together with the likelihood and the transition
pdf.

The third tracking algorithm implemented for model (3.15)—(3.17) is the con-
ventional BPF.

For all filters, we have set the number of particles as N = 100. In order to
implement the NuPF and NuPF-PW schemes, we have selected the step size v =
2 x 1072, We have run 1,000 independent Monte Carlo runs for this experiment.

To evaluate different methods, we have computed the empirical normalised mean
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Figure 3.2: (a) NMSE results of the BPF and NuPF algorithms for a misspecified Lorenz
63 system. The results have been obtained from 1,000 independent Monte Carlo runs
for each N € {10,100, 500,1K,5K,10K,20K,50K,100K}. The dashed lines indicate 1
standard deviation. The misspecified parameter is b, = b+ ¢, where b = 8/3 and ¢ = 0.75.
(b) A sample path of the true state variable 2 ; and its estimates in a run with NV = 500

particles.

squared errors (NMSEs). Specifically, the NMSE for the j-th simulation is

NMsE() = 2 lo =21 (3.19)
>l llwell3
where Ty is the exact posterior mean of the state x; conditioned on the observations
up to time ¢ and Z4(j) is the estimate of the state vector in the j-th simulation
run. In the figures, we usually plot the mean and the standard deviation of the
sample of errors, NMSE(1), ..., NMSE(1000).

The results are shown in Fig. 3.1. In particular, in Fig. 3.1(a), we observe that
the NMSE performance of the NuPF compared to the optimal PF and NuPF-
PW (which is similar to a classical PF with nudging) is comparable. However,
Fig. 3.1(b) reveals that the NuPF is significantly less demanding compared to the
optimal PF and the NuPF-PW method. Indeed, the runtimes of the NuPF are
almost identical to the those of the plain BPF. As a result, the plot of the NMSEs
multiplied by the running times displayed in Fig. 3.1(b) reveals that the proposed
algorithm is as favorable as the optimal PF, which can be implemented for this

model, but not for general models unlike the NuPF.

3.5.2 Stochastic Lorenz 63 model with misspecified parameters

In this experiment, we demonstrate the performance of the NuPF a misspeci-

fied stochastic Lorenz 63 model. The dynamics of the system is described by a
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stochastic differential equation (SDE) in three dimensions,

dzy = —s(z1 — z2) + dwy,
dIL‘Q =rry — To — X123 + dUJQ,

dxg = T1T9 — b.%'g + dw:;,

where {w;(s)}se(0,00) for i = 1,2, 3 are 1-dimensional independent Wiener processes
and s, r,b € R are fixed model parameters. We discretise the model using the Euler-
Maruyama scheme with integration step T > 0 and obtain the system of difference

equations

Tr1p=x14 1 — Ts(@1 1 —zos 1)+ VTury (3.20)
Top=Tos 1+ T(re1s 1 —Tag 1 — 1 1234-1) + VT ugy

T34 =351 + T(x14 10201 — brzy 1) + VTusy

where {w;;}ten, ¢ = 1,2,3 are i.i.d. Gaussian random variables with zero mean
and unit variance. We assume that we can only observe the variable x1; every
ts > 1 discrete time steps and contaminated by additive noise. To be specific, we

collect the sequence of observations
Un = ko1 pt, +0n, n=12..,

where {vy, }nen is a sequence of i.i.d. Gaussian random variables with zero mean
and unit variance and the scale parameter k, is assumed known.
In order to simulate both the state signal and the synthetic observations from

this model, we choose the so-called standard parameter values

(s,1,b) = (10728, 2) ,

which make the system dynamics chaotic. The initial condition is set as
xo = [—5.91652, —5.52332, 24.5723]T,

which corresponds to a deterministic trajectory of the system (i.e., with no state
noise) with the same parameter set [145]. We assume that the system is observed
every ts = 40 discrete time steps and for each simulation we simulate the system
fort =0,1,...,t, with £y = 20,000. Since t5 = 40, we have a sequence of i—i =500
observations overall.

Let us note here that the Markov kernel which takes the state from time n—1 to
time n (i.e., from the time of one observation to the time of the next observation)

is straightforward to simulate using the Euler-Maruyama scheme (3.20), however
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Figure 3.3: A comparison of gradient nudging and random search nudging for a variety
of parameter settings. From (a), it can be seen that gradient nudging is robust within a
large interval for 4. From (b), one can see that the same is true for random search nudging
with the covariance of the form C' = 02 for a wide range of 0. From (c)—(d), it can be
seen that while gradient nudging causes negligible computational overhead, random search
nudging is more demanding in terms of computation time and this behavior is expected
to be more apparent in higher dimensional spaces. Comparing (a)—(b), it can also be seen

that gradient nudging attains lower error rates in general.

the associated transition probability density cannot be evaluated because it in-
volves the mapping of both the state and a sequence of t5 noise samples through a
composition of nonlinear functions. This precludes the use of importance sampling
schemes that require the evaluation of this density when computing the weights.

We run the BPF and NuPF algorithms for the model described above, except
that the parameter b is replaced by b, = b + €, with € = 0.75 (hence b, ~ 3.417
versus b & 2.667 for the actual system). As the system underlying dynamics is
chaotic, this mismatch affects the predictability of the system significantly.

We have implemented the NuPF with independent gradient nudging. Fach
particle is nudged with probability \/iﬁ, where N is the number of particles (hence
E[M] = +/N), and the size of the gradient steps is set to v = 0.75 (see Algorithm
3.2). As a figure of merit, we evaluate the NMSE for the 3-dimensional state
vector, averaged over 1,000 independent Monte Carlo simulations.

For this example (as well as in the rest of this section), it is not possible to
compute the exact posterior mean of the state variables. Therefore, the NMSE

values are computed with respect to the ground truth, i.e.,

ty A 12
NMSE(j) = 221 |Jfft xt(QJ)”Q, (3.21)
2oie llzell3

where (x¢);>1 is the ground truth signal.
Fig. 3.2 (a) displays the NMSE, attained for varying number of particles IV,
for the standard BPF and the NuPF. It is seen that the NuPF outperforms the

BPF for the whole range of values of IV in the experiment, both in terms of
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Figure 3.4: Plots (a)—(d): A typical simulation run for the BPF, APF, EKF and NuPF
algorithms using N = 500 particles. The black dots denote the real trajectory of the
object, the red dots are sensors and the blue dots are position estimates as provided by
the filters. Plot (e): Box-plot of the errors NMSE(1), ..., NMSE(10,000) obtained for the
set of independent simulation runs. The NuPF achieves a low NMSE with a low variance

whereas the EKF exhibits a large variance.

the mean and the standard deviation of the errors, although the NMSE values
become closer for larger N. The plot on the right displays the values of xg;
and its estimates for a typical simulation. In general, the experiment shows that
the NuPF can track the actual system using the misspecified model and a small
number of particles, whereas the BPF requires a higher computational effort to

attain a similar performance.

As a final experiment with this model, we have tested the robustness of the
algorithms with respect to the choice of parameters in the nudging step. In par-
ticular, we have tested the NuPF with independent gradient nudging for a wide
range of step-sizes . Also, we have tested the NuPF with random search nudging

using a wide range of covariances of the form C' = oI by varying o2.

The results can be seen in Fig. 3.3. This figure shows that the algorithm is
robust to the choice of parameters for a range of step-sizes and variances of the
random search step. As expected, random search nudging takes longer running
time compared to gradient steps. This difference in run-times is expected to be
larger in higher-dimensional models since random search is expected to be harder

in such scenarios.
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3.5.3 Object tracking with a misspecified model

In this experiment, we consider a tracking scenario where a target is observed
through sensors collecting radio signal strength (RSS) measurements contaminated

with additive heavy-tailed noise. The target dynamics are described by the model,
xt = Axs—1 + BL(x4—1 — xp) + Wy

where z; € R?* denotes the target state, consisting of its position 7, € R? and its

. Tt . e
velocity, v; € R?, hence z; = € R*. The parameter z° is a deterministic,
Ut

pre-chosen state to be attained by the target. Each element in the sequence {u; }ren
is a zero-mean Gaussian random vector with covariance matrix ). The parameters
A, B, (Q are selected as

I 1 T
A= 2 KRi2 : B— [O 12} :
0 0.991,

and

2
Sl kI

where I5 is the 2 x 2 identity matrix and x = 0.04. The policy matrix L € R?** de-
termines the trajectory of the target from an initial position ¢ = [140, 140, 50,0] "
to a final state 7 = [140,—140,0,0]" and it is computed by solving a Riccati
equation (see [146] for details), which yields

L=
0 —0.0134 0 —0.0381

—0.0134 0 —0.0381 0 ]

This policy results in a highly maneuvering trajectory. In order to design the

NuPF, however, we assume the simpler dynamical model
e = Are1 +uy,

hence there is a considerable model mismatch.
The observations are nonlinear and coming from 10 sensors placed in the region
where the target moves. The measurement collected at the i-th sensor, time ¢, is

modelled as

Py
yti = 10logy e = sl +n ) +w
A
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where 7, € R? is the position vector, s; is the position of the ith sensor and Wi ~
7(0,1,v) is an independent t-distributed random variable for each i = 1,...,10.
Intuitively, the closer the parameter v to 1, the more explosive the observations
become. In particular, we set v = 1.01 to make the observations explosive and
heavy-tailed. As for the sensor parameters, we set the transmitted RSS as Py = 1
and the sensitivity parameter as 7 = 1079, The latter yields a soft lower bound of
—90 decibel (dB) for the RSS measurements.

We have implemented the NuPF with batch gradient nudging, with a large-
step size v = 5.5 and M = |v/N|. Since the observations depend on the position
vector 7 only, an additional model-specific nudging step is needed for the velocity
(&) _ [ (@) ()]T

vector vy. In particular, after nudging the r; 16 x;;t , we update the velocity

variables as

o _ L, @ 0
= H(Tt Tt—1)7

( (i) _ .0
v, where vy’ = [z3}, 74}

where K = 0.04 as defined for the model. The motivation for this additional
transformation comes from the physical relationship between position and velocity.
We note, however, that the NuPF also works without nudging the velocities.

We have run 10,000 Monte Carlo runs with N = 500 particles in the auxiliary
particle filter (APF) [142, 147, 148], the BPF [20] and the NuPF. We have also
implemented the extended Kalman filter (EKF), which uses the gradient of the
observation model.

Fig. 3.4 shows a typical simulation run with each one of the four algorithms (on
the left side, plots (a)-(d)) and a box-plot of the NMSEs obtained for the 10,000
simulations (on the right, plot (e)). Plots (a)—(d) show that, while the EKF also
uses the gradient of the observation model, it fails to handle the heavy-tailed noise,
as it relies on Gaussian approximations. The BPF and the APF collapse due to
the model mismatch in the state equation. Plot (d) shows that the NMSE of the
NuPF is just slightly smaller in the mean than the NMSE of the EKF, but much

more stable.

3.5.4 High-dimensional stochastic Lorenz 96 model

In this computer experiment, we compare the NuPF with the ensemble Kalman
filter (EnKF) for the tracking of a stochastic Lorenz 96 system. The latter is
described by the set of stochastic differential equations (SDEs)

dx; = (xi—i-l — .TUZ'_Q).Z'i_l —x;+ F+dw;,, 1=1,...,d,

where {w;(s)}se0,00), @ = 1,...,d, are independent Wiener processes, d is the

system dimension and the forcing parameter is set to F' = 8, which ensures a
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Figure 3.5: Comparison of the NuPF and the BPF for the stochastic Lorenz 96 system with
model dimension d = 40. The results have been obtained from a set of 1,024 independent
Monte Carlo runs. Plot (a): average NMSE and standard deviation (dashed lines) as the
Running-timesx NMSE of the BPF and
the NuPF for the same set of simulations. Since the increase in computational cost of
the NuPF, compared to the BPF, is negligible, it is clearly seen from (b) that the NuPF
performs better when errors and run-times are considered jointly.

number of particles N is increased. Plot (b):

chaotic regime. The model is assumed to have a circular structure, so that z_; =
Td—1, To = xq, and 411 = x1. In order to simulate data from this model, we apply

the Euler-Maruyama discretization scheme and obtain the difference equations,
Tit = Tjp—1 + T[(l‘z‘+1,t—1 — wi—2,t—1)96i—1,t—1 — Zig—1+ F]+ ﬁUi,t

where u;; are zero-mean, unit-variance Gaussian random variables.
We assume that the system is only partially observed. In particular, half of the

state variables are observed, in Gaussian noise, every t; = 10 time steps, namely,

yj,n ::L‘ijl,nts —{—Uj,n, n = 1,2,..., j = 1,2,..., Ld/QJ,

where u;,, is a normal random variable with zero mean and unit variance. The
same as in the stochastic Lorenz 63 example of Section 3.5.2, the transition pdf
that takes the state from time (n — 1)ts to time nt, is simple to simulate but
hard to evaluate, since it involves mapping a sequence of noise variables through
a composition of nonlinearities.

In all the simulations for this system we run the NuPF with batch gradient
nudging (with M = |v/N| nudged particles and step-size v = 0.075). In the first
computer experiment, we fixed the dimension d = 40 and run the BPF and the
NuPF with increasing number of particles. The results can be seen in Fig. 3.5,
which shows how the NuPF performs better than the BPF in terms of NMSE (plot
(a)) while the running times of both algorithms are nearly identical (plot (b)).
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Figure 3.6: Comparison of the NuPF with the EnKF for the stochastic Lorenz 96 model
with increasing dimension d and fixed number of particles N = 500 (this is the same as
the number of ensemble members in the EnKF). We have run 1,000 independent Monte
Carlo trials for this experiment. Plot (a): NMSE versus dimension d. The EnKF attains
a smaller error for lower dimensions but then it explodes for d > 103, while the NuPF
remains stable. Plot (b): Running-timesx NMSE plot for the same set of simulations. It
can be seen that the overall performance of the NuPF is better beyond 1K dimensions
compared to the EnKF.

In a second computer experiment, we compared the NuPF with the EnKF.
Fig. 3.6(a) shows how the NMSE of the two algorithms grows as the model dimen-
sion d increases and the number of particles N is kept fixed. In particular, the
EnKF attains a better performance for smaller dimensions (up to d = 10?), how-
ever its NMSE blows up for d > 10® while the performance of the NuPF remains
stable. The running time of the EnKF was also higher than the running time of
the NuPF in the range of higher dimensions (d > 103).

3.5.5 Assessment of bias

In this section, we numerically quantify the bias of our algorithm on a low-
dimensional linear-Gaussian state-space model. To assess the bias, we compute
the marginal likelihood estimates given by the BPF and the NuPF. The reason
for this choice is the well-known unbiasedness property of the BPF [33], i.e., the
marginal likelihood estimates given by the BPF are unbiased?. Since the NuPF
leads to biased marginal likelihood estimates (with respect to the original model),
but the BPF does not, our aim here is to quantify this bias by looking at the differ-

ence. To this end, we choose a simple linear-Gaussian state space model for which

2Note that the estimates of the expectations given by the BPF and the NuPF are both biased
and the bias vanishes with the same rate for both algorithms as a result of Theorem 3.1.
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Figure 3.7: The evolution of Z)pp/Z* (black) and Z, pp/Z* (red) for the number of
simulations K =1, ..., 1000 with N = 100, 000 for both filters. It can be seen that the ratio
for the BPF converges to 1, implying unbiasedness. The ratio for the NuPF converges to a

number slightly larger than 1, showing the induced bias on marginal likelihood estimates.

the marginal likelihood can be exactly computed as a byproduct of the Kalman
filter. We then compare this exact marginal likelihood to the estimates given by
the BPF and the NuPF.

Particularly, we define the state-space model,

zo ~ N (wo; o, Po) (3.22)
LUt|IL't_1 ~ N(l’t, Ti—1, Q), (323)
Yelze ~ N (ys; Coe, R), (3.24)

where (Cy)i>0 € [0,1]1%2 is a sequence of randomly chosen observation matrices,
Lo is a zero vector, and z; € R? and y; € R. The dynamical model is correlated,

ie.,

2.7  —0.48
@= [—0.48 2.05 ] ’

and R = 1. We have chosen the prior covariance as Py = I5,. We have simulated
the system for 7" = 200 time steps. Given a fixed observation sequence yi.7, the

marginal likelihood for the system given in Egs. (3.23)-(3.24) is

Z* = p(yr.1),
which can be exactly computed via the Kalman filter.
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We denote the estimate of Z* given by the BPF and the NuPF as ZéVPF and
ZIJ\IVuPF7 respectively. It is well-known that the following unbiasedness property
holds for the BPF [33],

E[Z8pr) = Z*, (3.25)

where E[-] denotes the expectation with respect to the particles. Numerically, this
suggests that as one runs identical Monte Carlo simulations to obtain {Zévﬁ)kF le

and compute the average
T
>N Nk
Zgpr = 7 ; ZBPF; (3.26)

then it follows from the unbiasedness property (3.25) that the ratio of the average
in (3.26) and the true value Z* should satisty,
ZN
TBPE L1 as K — oo.
Z*
Since the marginal likelihood estimates provided by the NuPF are not unbiased

with respect to the original SSM and tend to take higher values, if we define
| XK
ZRupr = T Z le\rvd’;F’
k=1
then as K — oo, we should see,

ZN
%—)l—i—e as K — oo,

for some € > 0.

We have conducted the experiment suggested by this reasoning by choosing
N =100, 000 for the both filters and v = 0.1 for the NuPF with gradient nudging.
From Fig. 3.7, one can see that we exactly observe the behavior suggested by the
theory. This shows that, with respect to the original SSM, the use of nudging
induces some upward bias and provides higher marginal likelihood estimates. The

induced bias is relatively small for this experiment.

3.6 Experimental results on model inference

In this section, we illustrate the application of the NuPF to estimate the parame-
ters of a financial time-series model. In particular, we adopt a stochastic-volatility
SSM and we aim at estimating its unknown parameters (and track its state vari-
ables) using the EURUSD log-return data from 2014-12-31 to 2016-12-31 (obtained
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from www.quandl.com). For this task, we apply two recently proposed Monte Carlo
schemes: the nested particle filter (NPF) [145] (a purely recursive, particle-filter
style Monte Carlo method) and the particle Metropolis-Hastings (pMH) algorithm
[140] (a batch Markov chain Monte Carlo procedure). In their original forms, both
algorithms use the marginal likelihood estimators given by the BPF to construct
a Monte Carlo approximation of the posterior distribution of the unknown model
parameters. Here, we compare the performance of these algorithms when the
marginal likelihoods are computed using either the BPF or the proposed NuPF.
We assume the stochastic volatility SSM [149],

o2
zg ~ N (,u, 1_”¢2> , (3.27)
wilwe1 ~ N(p+ ¢p(zi-1 — p), o), (3.28)
yelze ~ N(0, exp(z)), (3.29)

where p € R, 0, € Ry, and ¢ € [—1,1] are fixed but unknown parameters. The
states (z+)1<t<7 are log-volatilities and the observations (y;)1<t<7 are log-returns.
We follow the same procedure as [150] to pre-process the observations. Given the

historical price sequence s, ..., sy, the log-return at time ¢ is calculated as
yr = 1001log(s¢/s¢-1)

for 1 <t < T. Then, given y1.7, we tackle the joint Bayesian estimation of x1.7 and
the unknown parameters 0 = (u, 0y, ¢). In the next two subsections we compare
the conventional BPF and the NuPF as building blocks of the NPF and the pMH

algorithms.

3.6.1 Nudging the nested particle filter

The NPF in [145] consists of two layers of particle filters which are used to jointly
approximate the posterior distributions of the parameters and the states. The
filter in the first layer builds a particle approximation of the marginal posterior
distribution of the parameters. Then, for each particle in the parameter space,
say 0 there is an inner filter that approximates the posterior distribution of
the states conditional on the parameter vector #). The inner filters are classi-
cal particle filters, which are essentially used to compute the importance weights
(marginal likelihoods) of the particles in the parameter space. In the implemen-
tation of [145], the inner filters are conventional BPFs. We have compared this
conventional implementation with an alternative one where the BPFs are replaced
by the NuPFs. For a detailed description of the NPF, see [145].
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Figure 3.8: Model evidence estimates produced by the nudged NPF and the conventional
NPF with varying computational effort. From (a) to (c), it can be seen that, as we increase
the number of particles in the parameter space and the state space, the variances of the
estimates are smaller. The nudged NPF results in much more stable estimates, with lower

variance and few extreme values.

In order to assess the performances of the nudged and classical versions of the
NPF, we compute the model evidence estimate estimate given by the nested filter

by integrating out both the parameters and the states In particular, if the set of
i)

particles in the parameter space at time ¢ is {0 1 and for each particle 0(

) N
j:17

we

have a set of particles in the state space {:ct we compute

—

T 1 K N
o) = 1T | ey 22 2o
t=1 =1 j=1

The model evidence quantifies the fitness of the stochastic volatility model for the
given dataset, hence we expect to see a higher value when a method attains a better
performance (the intuition is that if we have better estimates of the parameters
and the states, then the model will fit better). For this experiment, we compute
the model evidence for the nudged NPF before the nudging step, so as to make
the comparison with the conventional algorithm fair.

We have conducted 1,000 independent Monte Carlo runs for each algorithm
and computed the model evidence estimates. We have used the same parameters
and the same setup for the two versions of the NPF (nudged and conventional). In
particular, each unknown parameter is jittered independently. The parameter p is

jittered with a zero-mean Gaussian kernel variance 02 = 103, the parameter o,

is jittered with a truncated Gaussian kernel on (0, ool; with variance U?,v =104,
and the parameter ¢ is jittered with a zero-mean truncated Gaussian kernel on
[—1, 1], with variance 0(275 = 10~*. We have chosen a large step-size for the nudging
step, ¥ = 4, and we have used batch nudging with M = [v/N|.

The results in Fig. 3.8 demonstrate empirically that the use of the nudging
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Figure 3.9: Empirical acceptance rates computed for the pMH running BPF and the
pMH running NuPF. From (a), it can be seen that there is a significant increase in the
acceptance rates when the number of particles are low, e.g., N = 100. From (b) and (c),
it can be seen that the pMH-NuPF is still better for increasing number of particles but
the pMH-BPF is catching up with the performance of the pMH-NuPF.

step within the NPF reduces the variance of the model evidence estimators, hence
it improves the stability and reliability of the NPF.

3.6.2 Nudging the particle Metropolis-Hastings

The pMH algorithm is a Markov chain Monte Carlo (MCMC) method for inferring
parameters of general SSMs [140]. The pMH uses PFs as auxiliary devices to
estimate parameter likelihoods in a similar way as the NPF uses them to compute
importance weights. In the case of the pMH, these estimates should be unbiased
and they are needed to determine the acceptance probability for each element of
the Markov chain. For the details of the algorithm, see [140] (or [150] for a tutorial-
style introduction). Let us note that the use of NuPF does not lead to an unbiased
estimate of the likelihood with respect to the assumed SSM. However, as discussed
in Section 3.4.3, the use of nudging implies an implicit SSM, and the likelihood
estimates are unbiased with respect to this model. Thus, one can view the use of
nudging here as an implementation of pMH with an implicit SSM derived from
the original SSM as well.

We have carried out a computer experiment to compare the performance of the
pMH scheme using either BPFs or NuPFs to compute acceptance probabilities.
The two algorithms are labeled pMH-BPF and pMH-NuPF, respectively, hereafter.

The parameter priors in the experiment are

p(p) = N(0,1)  p(ov) =G(2,0.1)  p(¢) = B(120,2)

where G(a, 0) denotes the Gamma pdf with shape parameter a and scale parameter
0, and B(a, 3) denotes the Beta pdf with shape parameters (o, 3). Unlike [150],
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Figure 3.10: Empirical autocorrelation functions (ACFs) computed for the pMH -BPF and
the pMH-NuPF. From (a)—(c), it can be seen that using the NuPF instead of BPF within
the pMH causes faster autocorrelation decay. These results are obtained by averaging
ACFs over 1,000 Monte Carlo runs.

who use a truncated Gaussian prior centered on 0.95 with a small variance for ¢,
we use the Beta pdf, which is defined on [0, 1], with mean «/(a 4+ ) = 0.9836,
which puts a significant probability mass on the interval [0.9, 1].

We have compared the pMH-BPF algorithm and the pMH-NuPF scheme (us-
ing a batch nudging procedure with v = 0.1 and M = |v/N|) by running 1,000
independent Monte Carlo trials. We have computed the marginal likelihood esti-
mates in the NuPF after the nudging step.

The resulting empirical acceptance rates can be seen from Fig. 3.9. It is ob-
served that the use of nudging leads to higher acceptance rates, making the pMH

more efficient to use.

Another key figure of merit for an MCMC algorithm is the degree of correlation

74



Chapter 3. Nudging the particle filter

in the chain. Fig. 3.10 displays the average autocorrelation functions (ACFs)
of the chains obtained in the 1,000 independent simulations. We see that the
autocorrelation of the chains produced by the pMH-NuPF method decays more
quickly than the autocorrelation of the chains output by the conventional pMH-
BPF. Less correlation can be expected to translate into better estimates as well

for a fixed length of the chain.
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Stochastic optimization as
Bayesian inference

In this chapter, we reformulate the stochastic optimization problem as an inference
problem by describing probabilistic models where the mazxima of the probability
density of interest coincide with the minima of the original cost function. We
then focus on the Gaussian case and show that the inference rules coincide with
an incremental optimization procedure. Finally, we propose a more general Monte
Carlo simulation method which aims at estimating the minima of the cost function
by sampling from a posterior probability measure and constructing an estimate of

the maxima of its associated probability density.

4.1 Introduction

In recent years, a surge of interest in stochastic optimization methods has been
propelled by the recent developments in signal processing and machine learning.

In particular, the following optimization problem,

min f(0) := > fi(0) (4.1)

OcRd

where n is very large, has attracted significant attention in the machine learning

literature.
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Chapter 4. Stochastic optimization as Bayesian inference

In this chapter, our goal is to develop new probabilistic methods for stochastic
optimization. The algorithms we introduce are incremental, meaning that they
subsample the data points without replacement. Since the stochastic optimization
methods which draw our interest are sequential algorithms which use subsets of
data at each iteration, it is natural to reframe them as sequential Bayesian inference
methods. Thus, in Section 4.2 we first formulate a general Bayes recursion, defined
via a sequence of potential functions (G¢)¢>1 which do not necessarily correspond
to any explicit likelihood. In particular, the potentials are constructed using mini-
batches of the cost function, which are sampled without replacement. We show
that the probability distributions resulting from this recursion can be used to find
the global minima of the original cost function in (4.1).

Next, in Section 4.3, we demonstrate the correspondence between optimization
methods and probabilistic inference for the Gaussian case. In particular, we show
that the proximal mappings can be seen as Bayesian updates. We show that this
relationship can be made entirely explicit for the linear regression case. In this
case, the update for the Bayesian linear regression coincides with the proximal
mapping for the corresponding linear-quadratic cost function. Using this corre-
spondence, we show that the update rules for the incremental proximal method
in order to perform large scale regression take a very similar form to the updates
of the Kalman filter. In other words, we show that for a specific choice of the f;’s
in (4.1), it is possible to obtain a well-known incremental optimization method,
called the incremental proximal method [84] (IPM), as a sequential Bayes update
with Gaussian likelihoods. In this case, the Bayes recursion can be implemented
exactly. Not surprisingly, these exact equations coincide with the Kalman updates
and it can be shown that they correspond to a variable-metric extension of the
IPM. Then we generalize this idea to a broad class of nonlinear least squares prob-
lems and develop an IPM-type optimizer in the form of an extended Kalman filter
(EKF), which we argue can provide a systematic way for the derivation of practical
procedures.

Finally, we move on to the general case with general potentials in Section 4.4.
Since the Bayes update cannot be computed in closed form for general potentials,
we propose a particle method to simulate these updates. To be specific, we devise
a parallel sequential Monte Carlo optimizer (PSMCO) to minimize cost functions
with finite-sum structure. The PSMCO is a zeroth-order stochastic optimization
algorithm, in the sense that it only uses evaluations of small batches of individual
components f;(#) in (1.1). The proposed scheme proceeds by constructing parallel
samplers each of which aims at minimizing (1.1). Each sampler performs subsam-

pling without replacement to obtain its mini-batches of individual components and

78



Chapter 4. Stochastic optimization as Bayesian inference

passes over the dataset only once. Using these mini-batches, the PSMCO con-
structs potential functions, propagates samples via a jittering scheme [151], and
selects samples by applying a weighting-resampling procedure. The communica-
tion between parallel samplers is only necessary when an estimate of the minimum
is required. In this case, the best performing sampler is selected and the min-
imum is estimated. We analytically prove that the estimate provided by each
sampler converges almost surely to a global minimum of the cost function when
the number of Monte Carlo samples at each sampler tends to infinity. We then
provide numerical results for two optimization problems where classical stochas-
tic optimization methods struggle to perform. We remark the difference between
the proposed scheme and the SMC-based schemes in [107, 103] where the authors
partitioned the parameter and modeled it as a dynamical system which is suitable
for many global optimization problems [152]. In contrast, we aim at estimating

the full parameter at each iteration.

4.2 Stochastic optimization as Bayesian inference

In this section, we describe how to construct a sequence of probability distributions

that can be linked to the solution of problem (1.1). Let my € P(©) be the initial

element of the sequence. We construct the rest of the sequence recursively as
Gi(0)

f® Gt(e)ﬂ'tfl(de) ’

where Gy : © — R, are termed potential functions [33]. The key idea is to

71 (df) = m—1(d6) fort > 1, (4.2)

associate these potentials (G;);>1 with mini-batches of individual components of
the cost function (subsets of the f;’s) in order to construct a sequence of measures
70,71, - - ., such that (for a prescribed value of T') the global maxima of the
density of mp match the global minima of f(#). We remark that the measures
1, ..., are all absolutely continuous with respect to mg if the potential functions
Gy, t=1,...,T are bounded and positive.

To construct the potentials, we use mini-batches consisting of K individual
functions f; for each iteration ¢. To be specific, we randomly select subsets of
indices Zy,t = 1,...,T, by drawing uniformly from {1,...,n} without replacement.
Each subset has |Z;| = K elements, in such a way that we obtain 7' subsets
satisfying \JL_,Z; = [L] and Z; N Z; = ) when i # j. Finally, we define the

potential functions (Gy)>1 as

G(0) = exp <— Z fi(H)) , t=1,...,T. (4.3)

1€y
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Below, we provide a result that establishes a precise connection between the op-
timization problem in (4.1) and the sequence of probability measures defined in
(4.2), provided that Assumption 4.1 below is satisfied.

Assumption 4.1. The sequence of functions (Gt)¢>1 are positive and bounded,
i.e., G¢(0) >0 VO € O and G € B(O).

Next, we prove the result showing the relationship between the minima of f(0)

and the maxima of ‘?—T.
o

Proposition 4.1. Assume that the potentials are selected as in (4.3) for 1 <t <
T, with Z; NZ; = O and \J,Z; = [n|. Let mr be the T-th probability measure
constructed by means of recursion (4.2). If Assumption 4.1 holds and my € P(O),
then

dmp -
argmax —— () = argmin (0),
ge@ d7T0< ) 9g€® ;f( )
where %(0) : © — Ry denotes the Radon-Nikodym derivative of mp with respect

to the prior measure .

Proof. See Appendix A.3. [J

For conciseness, we abuse the notation and use 7(6), § € ©, to indicate the
pdf associated to a probability measure 7(d#). The two objects are distinguished
clearly by the context (e.g., for an integral (p, ), 7 is necessarily a measure) but
also by their arguments. The probability measure 7(-) takes arguments df or
A € B(©), while the pdf 7(#) is a function © — [0, 00).

Remark 4.1. Notice that, when 7y is a uniform probability measure on O, we

simply have

mr(0) o exp (— Zf’(9)> , for 6 € ©,
i=1

where m7(0) denotes the pdf (w.r.t. Lebesgue measure) of the measure mr(df). O

Remark 4.2. Moreover, if we choose

mo(0) ox exp (—f1(0)) (4.4)

and then select subsets of indices such that U;f:1 Z; = {2,...,n} then it readily
follows that

m7(0) o exp (— Zf’(9)> , for 6 € ©.
i=1
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When a Monte Carlo is scheme used to realize recursion (4.2), the use of a prior

of the form (4.4) requires the ability to sample from it. [J

Therefore, if we can construct the sequence described by (4.2), then we can
replace the minimization problem of f(#) in (1.1) by the maximization of the pdf
(). This relationship was exploited in a Gaussian setting in [91], i.e., the special
case of a Gaussian prior mg and log-quadratic potentials (G¢)¢>1 (corresponding to
Gaussian likelihoods in a Bayesian model), which makes it possible to implement
recursion (4.2) analytically. The solution of this special case can be shown to match
a well-known stochastic optimization algorithm, called the incremental proximal

method [84], with a variable-metric as we derive in the next section.

4.3 Incremental proximal method as inference

The recursion (4.2) is general, however, it is not possible implement it exactly for
any mp and (G¢)¢>1. In this section, we summarize a special case, where (4.2) can
be implemented exactly. We also show that this special case matches to a well-
known optimization scheme, called the incremental proximal method (IPM) [84].
We show that, in particular, the probabilistic interpretation of the IPM leads to
a development of a variable-metric IPM scheme. For a review of variable-metric
methods see, e.g., [153, 154]. We focus on the case where © = R? within this

section.

4.3.1 Proximal operators as Bayes updates

Consider a generic, convex (for simplicity) function f. We recall the proximal

operator of f is given as in Definition (2.1)

. 1
prox. () = argmin f(6) + 27”9 — 2y,
HeR? y

where ||0]]2,y = VTV 16 is the Mahalanobis norm. In this section, we first show
that, for certain f, the proximal operator can be interpreted as a Bayes update.
In particular, consider

1

f(@) = 5(3/ - XT9)2>

where y € R and x € R%. We first derive the proximal operator of f.

Proposition 4.2. Let f(0) = %(y —x"6)2. Then the prozimal operator of f,

- . 1
0 = prox. sy, (60) = argmin f(6) + 2—”9 — 90”%,%7
feRd v
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is realized by

Vox(y — XT90)

6=0 .
0+ v+ xTVx

(4.5)
Proof. See Appendix A.3. [J

Interestingly, it is possible to see (4.5) as a Bayes update for a Gaussian prob-

ability model, as made explicit by the following proposition.

Proposition 4.3. Consider a prior and a likelihood function, respectively,

m0(0) = N(0; 60, Vo),
G(0) =N(y;x"0,77").
Then, the pdf
G(0)mo(0)

m(0) = Jea G(0)0(6)d6’

is Gaussian, namely,

where

Vox(y — x ' 6p)

R e (4.6)
Voxx Vg

=Vy—- — 4.

V=" Y+ xTVox (4.7)

Proof. This proposition is a special case of Lemma 2.1. [J

Remark 4.3. Note that egs. (4.5) and (4.6) are identical. This means that the
realization of the proximal operator of f, defined with a symmetric positive definite
matrix Vy and parameter -y, is identical to the realization of the Bayes update. As
a byproduct of the Bayes update, one obtains V' via (4.7), which then can be used
to quantify the uncertainty of the output of the proximal operator. We aim at

utilizing this idea to develop uncertainty-aware stochastic optimization schemes.

O

In the next section, we apply this interpretation to the family of incremental
proximal methods in order to get an online probabilistic optimizer. Perhaps not
surprisingly, this algorithm is related to the Kalman filter for the linear case. Then

we discuss its extension to nonlinear optimization problems.
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4.3.2 The IPM as a Kalman filter

As introduced in Section 2.4.5, at iteration ¢ the incremental proximal method

solves the problem

0r = prox,, (01-1),

where f; is selected randomly from [T] = {1,...,T} without replacement!. In
this section, we first define a general, variable-metric IPM with a sequence of
(as yet unspecified) symmetric positive definite matrices (V;);>0. We define the

variable-metric IPM as

0, = prox. ;, v, (6i_1) = argmin f,(6) + %He SOy . (48)
OER? v

where [|0]|2,y = V0TV 10 and the sequence (V;);>1 is specified by the user. Now,

assume that we are given a dataset (yt,Xt)ogtST and aim at minimizing a cost

function of the form (4.1) with f;(6) = 2 (y; — x/ 0)?. The next proposition states

the explicit form of (4.8) for this case.

Proposition 4.4. Let f(0) = $(y — x;0)* for t = 1,...,T. Then, given a
sequence of symmetric, positive definite matrices (Vi)o<i<r—1, the recursion (4.8)

can be explicitly written as

Vicixe(ye — x/ 0i-1)

Oy =0;_1+
! ! 1 +X,5TVt—1Xt

(4.9)

Proof. This result follows straightforwardly from the proof of Proposition 4.2. [J

Next, we aim at building up a probabilistic version of the problem. As we
summarized in Section 4.2, in order to minimize f we need to define a prior and a
sequence of potential functions for each t. In this section, we choose a prior of the

form
mo(0) = N (6; 60, Vo). (4.10)
and define the sequence of potentials (G¢);>1 such that

Gi(0) = N (ysi %) 0,77). (4.11)

Throughout the chapter, we abuse the notation for randomly selected individual functions.
In particular, we sample iz ~ {1,...,T} without replacement and set f; := f;, in our notation.
Since the dataset can be reshuffled and then processed sequentially, we always assume that we
process the dataset from 1 to T (unless otherwise specified) without any loss of generality. Note

also that T' = n for this case, since we sample each individual function with K = 1.
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Note, again, that this implies that we take a single component at each iteration, i.e.,
we select the mini-batch size K = 1. For the model (4.10) and (4.11), the recursion

(4.2) can be implemented exactly and is given by the following proposition.

Proposition 4.5. Assume that the prior is given by
m0(0) = N(6; 60, Vo)
and the potential functions Gy are specified as
Gi(0) = N (y:x{ 6,77")

fort=1,...,T. Then the recursion (4.2) can be implemented exactly and yields

m(0) = N(0; 04, V), (4.12)
where
Vioixi(ye — %/ 041)
0y =01+ 4.13
' . Y+ x) Visixy ( )
Vioixix[] Vi
Vi=Vig - 0L (4.14)
Y X Vicixy
fort > 1.

Proof. This is a special case of Lemma 2.2. [J

Remark 4.4. Note that recursions (4.9) and (4.13) are identical, similar to the
static case we presented in the last section. However, in this case there is a funda-
mental difference between the two methods. For the variable-metric IPM, (4.9) can
be only defined when the sequence of matrices (V;):>1 are predefined by the user.
Otherwise, the variable-metric IPM does not yield an explicit method. The most
common implementation of the IPM simply assumes V; = I for t =0,...,7 — 1.
In contrast, the Kalman filter given in Proposition 4.5 produces mean estimates
in the same form of (4.9) and, in addition, it produces the sequence (V;);>1 in the
form of a sequence of posterior covariance matrices. In other words, the Kalman
filter is identical to the variable-metric IPM, except that it automatically deter-
mines the metrics. In the next section, we develop a nonlinear extension of the
variable-metric IPM, which cannot be implemented from an IPM perspective since
the choice of general f; will not yield a computable proximal operator. But given
the probabilistic view, we can still develop an approximate probabilistic optimizer

from the filtering perspective via the use of the extended Kalman filter (EKF). OJ
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Remark 4.5. Recall that in Proposition 4.1, we have shown that the maxima
of the Radon-Nikodym derivative d’%(@) coincide with the minima of the cost
function. In particular, if the maximum is unique, i.e., we have unique 6* such

that

6* = argmax dﬂ(&), (4.15)
g dmo
then 6* is also the global minimum of the cost function. In this section, however,
we take the maximum (i.e. the mean) of the posterior distribution 77 (6), namely
01, as an estimate of the minimum instead of the maximum of the Radon-Nikodym
derivative ?frT (0) for the sake of computational simplicity. Note that the solution
of the problem (4.15) can also be exactly solved for this case. More precisely, the
exact solution can be straightforwardly derived using (4.10) and (4.12) and is given

by
0* = (Vi = Vg HY "NV o — V). (4.16)

Then one can show that when the entries of Vi are close to zero and Vj is chosen
so that the initial uncertainty is large (e.g. Vo = volg with vy > 0 large), the effect
of the prior vanishes and 6* ~ fp. In order to see this, assume (for simplicity)
that we have obtained Vp = el with € > 0 small and V) = vgly. Then,

gr — 0 <9T—eo>
Vo — € €

which yields

0 =2 o, — — g,

Vg — € Vg — €

which justifies taking 8* =~ 61 for large vg and small e. [J

4.3.3 EKF as an approximate IPM

In this section, we consider a nonlinear regression problem. Given observations
y, we would like to obtain y; ~ h(x¢, ) where A(-,0) is a nonlinear function of 6.
Since the x;’s are fixed, we set h:(0) := h(x¢, 6) for notational conciseness. Note
that h; : R — R. Then, we would like to solve a problem of the form (4.1). In

particular, we aim at solving
min f(6) = min 4.17
R4 f eeRd Z ft ( )
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where fi(0) = 3(y: — ht(6))?. The incremental proximal step for this problem is
given by

00 = axgmin (s~ he(0)* + 510~ 61 lBy;, (4.18)
9cRd g

for each iteration t. Because of the nonlinearity h;(-), this proximal step is in-

tractable in general. Therefore, the typical choice for problems like in Eq. (4.17)

is the SGD. In what follows, we propose the use of EKF recursions as one-step

approximations of the realization of the proximal operator.

To this end, let us consider the prior probability density
mo(0) = N (8; 60, Vo), (4.19)
and the sequence of potential functions
Gi(0) = N(ye; ha(0), 7). (4.20)

Since the model defined by (4.19)—(4.20) contains a nonlinearity h;, using the EKF
is a natural way to solve the regression problem. Let us denote di = Vohy(6;—1).
For the model (4.19)—(4.20), the EKF recursions given in egs. (2.40)—(2.41), for

t > 1, can be written as?

Vicidi(ye — he(6:—1))
vyt +d) Vi1dy

0y =01+ (4.21)

and

Vie1did] Vg

V=V — .
' - v+ d] Vi_1dy

Remark 4.6. Throughout our discussion, we have kept the prior my(f) static,
meaning that 6 is assumed to be random but not changing over time. While
this assumption is convenient when the cost function is not changing, it does
not hold in most realistic settings. For this reason, the authors of [155] consider
what they call nonstationary losses, where the cost function is also changing with
time. Tackling such a scenario is trivial from our perspective, as one only needs to
modify the algorithm slightly in order to get a dynamic algorithm. In particular, in
addition to the update step, one needs to employ a prediction step, according to the
assumed dynamics of the parameter. One can model the degree of nonstationarity
by modifying the model over 6; and filtering algorithms extend to such settings

very naturally. We leave the detailed investigation of this issue for future work. [
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Figure 4.1: Results on fitting a sigmoid function using EKF and approximate nonlinear
IPM. From (a), it can be seen that the approximate nonlinear IPM proceed towards
minimum but suffers from instability while the EKF proceeds in a stable way. From
(b)-(c), it can be seen that the entries of the diagonal and nondiagonal parts of the

covariance matrix V; converge to zero, which is the reason why the EKF does not suffer
from instability.

4.3.4 Some numerical results

In this section, we investigate two algorithms on a simple problem of fitting a
sigmoid function. The first algorithm, which we refer to as approximate nonlinear
IPM, consists of applying a standard iterative solver for each subiteration, since the
nonlinear problem of Eq. (4.18) is not solvable in general. The second algorithm
is the EKF, as explained in Section 4.3.3. The model used in the experiment is of
the form of Eq. (4.19)-(4.20), with

1
T lrep—a—fTx)’

hi(6)

2Note that since this model does not have a dynamical component, the EKF consists only of
the update steps (2.40)—(2.41), i.e., without the prediction steps (2.38)—(2.39).
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where x; € R denotes the inputs, and the parameter vector is 6 = (o, 3) (i.e.,
0 € R? with d = 21). Recall that, by choosing such a model, we aim at solving a
problem of form given in Eq. (4.17). We set the value of the parameter y~! = 0.2
while generating the data and we use the same value in the algorithms. Also, the
initial value 6y of the approximate IPM is set randomly while the proximal matrix
is the d x d identity, denoted V = I;. Similarly, the prior for the EKF is initialized
with (6g, V) where Vy = 1.

Figure 4.1(a) shows that the approximate IPM suffers from numerical insta-
bility as the parameter estimate 6; becomes close to the actual minimum. One
reason for this instability is that, in proximal-type algorithms, there is no natural
mechanism to reduce the size of the step taken by the algorithm. A natural remedy
would be to update the proximal matrix in a way that it dampens the updates
as the number of iterations increases, in a similar way to decreasing the step-size
of the SGD. The EKF exactly employs this strategy in a natural way. This fact
can be seen from Fig. 4.1(b)-(c) where the diagonal and nondiagonal entries of the
covariance matrix V; are plotted, respectively. It is evident that the entries of this
matrix converge to zero, meaning that the update (4.21) eventually converges to

some point in the parameter space.

4.4 SMC for stochastic optimization

As we have demonstrated in the previous section, the recursion (4.2) can be im-
plemented exactly for some special cases. However, for general f, which consists
of general component functions f;, it is not possible to implement (4.2) exactly.
In this section, we develop a general sequential Monte Carlo method in order to
optimize cost functions of the form (4.1).

In this section we first describe a sampler to simulate from the distributions de-
fined by recursion (4.2). We then describe an algorithm which runs these samplers
in parallel. The parallelization here is not primarily motivated by the computa-
tional gain (although it can be substantial). We have found that non-interacting
parallel samplers are able to keep track of multiple minima better than a single
“big” sampler. For this reason, we will not focus on demonstrating computational
gains in the experimental section. Rather, we will discuss what parallelization
brings in terms of providing better estimates.

We consider M workers (corresponding to M samplers). Specifically, each
worker sees a different configuration of the dataset, i.e., the m-th worker constructs
a distinct sequence of index sets (It(m))tzl, which determine the mini-batches sam-

pled from the full set of individual components. Having obtained different mini-
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Algorithm 4.1 Sampler on a local node m

(i,m)

1: Sample 0" ~ m fori =1,..., N.
2: for t > 1 do

3: Jitter by generating samples
;7 ~ k(d6]0,277) for 1=1,...,N.
4: Compute weights,

ol — G )
SN G e8m™)

5: Resample by drawing N i.i.d. samples,

N
9§Z7m) ~ ﬁ_ém)aN(de) — Z wgl7m)5é§i’m) (d9)7 1, = 1, o e ,N-
=1

6: end for

batches which are randomly constructed, each worker then constructs different
potentials (Gim))tzl, as described in the previous section.
Workers, therefore, aim at estimating their own sequence of probability mea-

sures ng) for m € {1,...,M}. We denote the particle approximation of the

posterior Wt(m) at time ¢ as

N
m 1
7T§ )7N(d9) = N Z50(i,m) (d@)
=1

Overall, the algorithm retains M probability distributions. Note that these dis-
tributions are different for each ¢ < T as they depend on different potentials.

One iteration of the algorithm on a local worker m can be described as follows.

Assume we collect a probability measure 7r§7_n1) N from worker m, with the particle

system { Ht(T_nl’i) N

1. First, we use a jittering kernel x(d#|6;_1), which is a Markov
kernel on O, to modify the particles [151] (see Subsection 4.4.1 for the precise
definition of k(+|-)). The idea is to jitter a subset of the particles in order to modify
and propagate them into better regions of © with higher probability density and

lower cost. The particles are jittered by sampling,
00™ ~ k(10™Y fori=1,...,N.

Note that the jittering kernel may be designed so that it only modifies a subset of

particles (again, see Section 4.4.1 for details). Next, we compute weights for the
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m)N

new set of particles {9257” *, according to the t-th potential, namely

wgi’m) _ G(m) (9(1 m)')
Y Gtm) (egz,m))
After obtaining weights, each worker performs a resampling step where for i =
1,...,N, we set "™ = %" for k € {1,...,N} with probability w{*™. The
procedure just described corresponds to a simple multinomial resampling scheme,

but other standard methods can be applied as well [134]. We denote the resulting

probability measure constructed at the t-th iteration of the m-th worker as

The full procedure for the m-th worker is outlined in Algorithm 4.1. In Sec-
tion 4.4.1, we elaborate on the selection of the jittering kernels to jitter particles
and in Section 4.4.2, we detail the scheme for estimating a global minimum of f(0)

N
from the set of random measures {ﬂlgm) M

4.4.1 Jittering kernel

The jittering kernel constitutes one of the key design choices of the proposed

algorithm. Following [151], we put the following assumption on the kernel .

Assumption 4.2. The Markov kernel k satisfies

CHH‘PHOO
su oo’
sup [ 0(0) = (@) (le) < 2

for any ¢ € B(©) and some constant ¢, < oo independent of N.

In this paper, we use kernels of form
k(d0|0") = (1 — en )by (dO) + enT(dO|0'), (4.22)

where ey < which satisfy Assumption 4.2 [151]. The kernel 7 can be rather

\/7’
simple, such as a multivariate Gaussian or multivariate-t distribution centered

around ' € ©. Other choices of T are possible as well.

4.4.2 Estimating the global minima of f(0)

In order to estimate the global minima of f(#), we first assess the performance of
the samplers run by each worker. A typical performance measure is the marginal

likelthood estimate resulting from Wt(m)’N. After choosing the worker which has
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attained the highest marginal likelihood (say the mg-th worker), we estimate a
(i,m)

minimum of f(#) by selecting the particle 6, that yields the highest density
" (6.
To be precise, let us start by denoting the incremental marginal likelihood

(m) (m),N (T)JV

associated to m; 7 and its estimate ; as Zﬁ?) and 7, , respectively. They

can be explicitly obtained by first computing

N
m m ~(m 1 m) / p(i,m m),N
27 = [ G o) ~ 360 ) = 2"
=1

and then updating the running products

and

The quantity Zﬁ?) is a local performance index that keeps track of the “qual-
ity” of the m-th particle system {Hiz’m) N | [156]. This means that we can use
{Z§:T)’N}%:1 to determine the best performing worker. Given the index of the

best performing sampler, which is given by

N
my = argmax Zﬂ?)’ ,

me{l,...,.M}

we obtain a maximum-a-posteriori (MAP) estimator,

et*,N = argmax pgm?)vN(Q(ivm?)% (4.23)
ie{l,..,.N}

where png)’N(G) is the kernel density estimator [157, 158] described in Remark 4.7
below. Note that we do not construct the entire density estimator and maximize it.
Since this operation is performed locally on the particles from the best performing
sampler, it has O(N?) cost, where N is the number of particles on a single worker,
which is much smaller than the total number M N. The full procedure is outlined
in Algorithm 4.2.

Remark 4.7. Let k : © — (0, 00) be a bounded pdf with zero mean and finite sec-

ond order moment, [g [|0]|3k()df < co. We can use the particle system {GEi’m) N
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and the pdf k(-) to construct the kernel density estimator (KDE) of Wt(m)(H) as

N
m 1 i,m
PN (0) = 5 Do KO —6)
=1
= (&%, 7™, (4.24)

where k?(0) = k(6 — ¢'). Note that ptm)’N(H) is not a standard KDE because

the particles {Ht(i’m)}fil are not i.i.d. samples from wﬁm)(ﬁ). Eq. (4.24), however,
)7N

suggests that the estimator, p;""
m),N

(0) converges when the approximate measure
7rt( does. See [159] for an analysis of particle KDE’s. [

4.4.3 Analysis

In this section, we provide some basic theoretical guarantees for Algorithm 4.2.
In particular, we prove results regarding a sampler on a single worker m, which
hold for any m € {1,...,M}. To ease the notation, we skip the superscript (m)
in the rest of this section and simply note that results presented below hold for
any m € {1,..., M}. All proofs are deferred to Appendix A.3.

When constrained to a single worker m, the approximation 7;" is provably
convergent. In particular, we have the following result that holds for every worker
m=1,...,M.

Theorem 4.1. If the sequence (Gi)i>1 satisfies Assumption 4.1 then, for any
¢ € B(O), we have
() N ctpll#lloo
(@, me) = (o, m)]], < Vi
for every t = 1,...,T and for any p > 1, where c;,, > 0 is a finite constant
independent of N.

Proof. See Appendix A.3.[J

Theorem 4.1 states that the samplers on local workers converge to their cor-
rect probability measures (for each m) with rate O(1/+/N), which is standard for
Monte Carlo methods. This result is important since it enables us to analyze the
properties of the KDEs constructed using the samples at each sampler. In order
to be able to do so, we need to impose regularity conditions on the sequence of

densities m;(0) and the kernels we use to approximate them.

Assumption 4.3. For every 6 € O, the derivatives DYmy(0) exist and they are

Lipschitz continuous, i.e., there is a finite constant Lo > 0 such that

D (0) — Dy ()] < Lo gl|0 — &'
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forall9,0 € ©,t=1,...,T and for all o« = (o, ..., cq) such that o; € {0,1}.

Note that for « = (0,...,0), it is not hard to relate Assumption 4.3 directly to

the cost function, as we do in the following proposition.

Proposition 4.6. Assume that we define the incremental cost functions
F(0) = Z fi(0)
i€ U--- ULy

and there exists some £y such that
[F2(0) — Fu(0)] < &]|o - &',

i.e., Fy is Lipschitz. Assume there exists F}' = mingeg Fy(0) such that |F}| < oo
and recall that w(6) o< exp(—F(0)). Then we have the following inequality,

ty exp(—F}
m(0) — ()] < VLD g g
Tt
where Zy, = [ exp(—Fi(6))d6.

Proof. See Appendix A.3. [J

Next, we state some assumptions on the kernel k. We first note that the kernels
in practice are defined with a bandwidth parameter h € Ry. In particular, given

a kernel k, we can define scaled kernels kj, as
kn(0) = h=%(h710),  h>0.
Hence, given k we define a family of kernels {kp,h € R, }.

Assumption 4.4. The kernel k : © — (0,00) is a zero-mean bounded pdf, i.e.,
k(d) > 0V0 € © and [ k(0)dd = 1. The second moment of this density is bounded,
i.e., [oll0]?k(0)d0 < oco. Finally, D% € Cy(©), i.c., [|[D%|[oc < 00 for any
a € {0,1}4.

Remark 4.8. We note that Assumption 4.4 implies that D%k;, € C;(©) and we
have ||[D*ploo = 77t7a7[|D*K[|oc for any b >0 and a € {0,1}4. O

We denote the kernel density estimator defined using a scaled kernel kj, and the
empirical measure ;" as p?’N(G). In particular, given a normalized kernel (a pdf)
k:© — (0,00), satisfying the assumptions in Assumption 4.4, we can construct

the KDE
h,N
pi " (0) = (kp, 7).

where kf(0') = kp,(0 — 0') (see Remark 4.7). Now, we are ready to state our main
results about the KDEs, adapted from [159].
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Theorem 4.2. Choose
1 —1
h = LN2(CI+1)J (4.25)

and denote p} (0) = pf’N(G) (since h = h(N)). If Assumptions 4.1, 4.3 and 4.4
hold then

UE

LNWJ

sup [p{ (0) — m(0)| <
66

where U® > 0 is an almost surely finite random wvariable and 0 < ¢ < 1 s a

constant, both of which are independent of N and 0. As a consequence
lim sup |pM(0) — m(0)] =0  as. (4.27)
N—c0gc@

Proof. See the proof of Theorem 4.2 and Corollary 4.1 in [159]. Recall that © C R?

is compact. [

This theorem is a uniform convergence result, i.e., it holds uniformly in a
compact parameter space ©. We note that Theorem 4.2 specifies a certain h, that
is the bandwidth, in order for the results to hold. Based on this result, we can

relate empirical maxima to the true maxima.

Theorem 4.3. Let Ht*’N € argmaxc(i . N} piv(ﬁt(i)) be an estimate of a global

maximum of 7. Then, under the assumptions of Theorem 4.2,

lim pY (07™) = m(6;)  as,
N—o00

where 0 € argmaxgcg m(6).

Proof. See the proof of Theorem 5.2 in [159]. O

4.4.4 Experimental Results

In this section, we show numerical results for two optimization problems, which
are hard to solve with conventional methods. In the first example, we focus on
minimizing a function with multiple global minima. The aim of this experiment
is to show that the algorithm populates multiple global minima successfully. In
the second example, we minimize a challenging cost function for which standard

stochastic gradient optimizers struggle.
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Figure 4.2: An illustration of the performance of the proposed algorithm for a cost function
with four global minima. (a) The plot of 77 (0) x exp(—f(6)). The blue regions indicate
low values. It can be seen that there are four global maxima. (b) Samples drawn by the
PSMCO at a single time instant. (c) The plot of the samples together with the actual

cost function f(6).

Minimization of a function with multiple global minima

In this experiment, we tackle the problem

i £(6),
where
n 4
FO)=>_fi(6) and  fi(6) = —% log (ZN(@;mi,k, R)) :
=1 k=1

with A = 10, R = rI with r = 0.2. We choose the means m;; randomly, namely

mi g ~ N (m 1 mk, %) where,
my = [4,4]T, ma = [—4, —4]T, ms = [_4’4]7—’ my = [4, _4]T’

and 0% = 0.5. This selection results in a cost function with four global minima.
This cost function is a good model for cost functions arising in many machine
learning problems where there are multiple global minima, see, e.g., [160]. In this
experiment, we have chosen n = 1,000. Although a small number for stochastic
optimization problems, we note that each f;(6) models a mini-batch in this scenario
and we choose K =1 in our algorithm.

In order to run the algorithm, we choose a uniform prior measure m(f) =
U([—a,a] X [—a,a]) with a = 50. It follows from Proposition 4.1 that the pdf that
matches the cost function f(#) can be written as

mr(0) o exp(—f(0)),
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and it has four global maxima. This pdf is displayed in Fig. 4.2(a). We run
M = 100 samplers, each with each N = 50 particles, yielding a total number of
particles M N = 5,000. We choose a Gaussian jittering scheme; specifically, the

jittering kernel is defined as
H(d(gw,) = (1 — GN)(S@/(dﬂ) + ENN(G; 9/, sz)dg, (4.28)

where ey < 1/\/N and 032- =0.5.

Some illustrative results can be seen from Fig. 4.2. To be specific, we have
run independent samplers and plot all samples for this experiment (instead of es-
timating a minimum with the best performing sampler). From Fig. 4.2(b), one
can see that the algorithm populates all maxima with samples. Finally, Fig. 4.2(c)
shows the location of the samples relative to the actual cost function f(#). This
plots illustrate how the algorithm populates multiple, distinct global maxima with
independent samplers. This implies that different independent samplers can re-
port different global maxima in practice. Note that this is in agreement with the

analysis provided in Section 4.4.3.

Minimization of the sigmoid function

In this experiment, we address the problem

n

iy f(0) = > (i —gi(0))?,  where g;(0)
< =1

1
1+ exp(—b61 — boz;)’

(4.29)

with z; € R, f;(0) = (y; — 9:(0))? and 6 = [01,62]". The function g; is known as
the sigmoid function. Cost functions of the form in eq. (4.29) are widely used in
nonlinear regression with neural networks in machine learning [125].

In this experiment, we have n = 100,000. We choose M = 25 and M N =
1,000, leading to N = 40 particles for every sampler. The mini-batch size is
K = 100. The jittering kernel « is defined in the same way as in (4.28), where
the Gaussian pdf has a variance chosen as the ratio of the dataset size n to the
mini-batch size K, i.e., 0]2- = n/K, which yields a rather large variance? 0]2 = 1000.
To compute the maximum as described in Eq. (4.23), we use a Gaussian kernel
with bandwidth h = | N5 |~!, since d = 2, which yields & = 1.

The results can be seen from Fig. 4.3. We compare our method with a parallel

stochastic gradient descent (PSGD) scheme [161] using M optimizers. We note

3Note that this is for efficient exploration of the global minima, which is hard to find for this
example. A large jittering variance may not be adequate in practice when there are multiple

minima close to each other, see, e.g., Section 4.4.4.
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200 ‘
—PSMCO
—PSGD with B/I
100 —PSGD with G/I
«x 10%
0 -
<
=
-100 103+
-200
-200 -100 0 100 200 10° 10" 102 10°

(@) (b)

Figure 4.3: (a) The cost function and a snapshot of samples from the 50th iteration of
PSMCO, PSGD with bad initialization (blue point) and PSGD with good initialization
(black points). (b) The minimization performance of each algorithm. It can be seen that
PSMCO first converges to the wide region with low values (blue triangle region) and then
jumps to the minimum. This is because the marginal likelihood estimate of the sampler
close to minimum dominates after a while. So there is effectively full communication only

to determine the minimizer although there is no exchange of information.

that given a particular realization of (z;)}_; (which is an iid sequence) with xj ~
U([—2.5,2.5])), the cost function landscape can be hard to optimize. One can
see from Fig. 4.3(a) that the cost function (for a particular realization of (z;)}_;)
has broad flat regions which make it difficult to minimize even for gradient based
methods unless their initialization is sufficiently good. Accordingly, we have run
two instances of PSGD with “bad” and “good” initializations.

The bad initial point for PSGD can be seen from Fig 4.3(a), at [—190,0]"
(the blue dot). We initialize M parallel SGD optimizers around [~190,0]", each
with a small zero-mean Gaussian perturbation with variance 10~8. This is a poor
initialization because gradients are nearly zero in this region (yellow triangle in
Fig. 4.3(a)). We refer to the PSGD algorithm starting from this point as PSGD
with B/I, which refers to bad initialization. We also initialize the PSMCO from
this region, with Gaussian perturbations around [—190, O]T, with the same small
variance of o2, = 1075,

The “good” initialization for the PSGD is selected from a better region, namely
around the point [0, —100]T, where gradient values actually contain useful infor-
mation about the minimum. We refer to the PSGD algorithm starting from this
point as PSGD with G/I.

The results and some comments can be seen from Fig. 4.3(b). It can be seen
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that the PSGD with good initialization (G/I) moves towards a better region,
however, it gets stuck because gradients become zero. On the other hand, PSGD
with B/I is unable to move at all, since it is initialized in a region where all gradients
are zero (which is true even for the mini-batch observations). PSMCO, on the other
hand, is able to search the space effectively to find the global minimum, which is
clearly reflected in Fig. 4.3(b).
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Algorithm 4.2 PSMCO

1: Sample 6,

(i’m)wﬂo fori=1,...,N.

2: for t > 1 do

3: form=1,...,M do
4: Jitter by generating samples
é(z,m) (i,m) .
;T ~ k(d616,277) for i=1,...,N.
5: Update the marginal likelihood,
20N NN vz = ZG(’” oim)y.

6: Compute weights,

, (m) (5(i,m)

w™ = G (0 — ) for i=1,...,N
AU
7 Resample N i.i.d. samples,
i N .
ng,m) m) (d0) Zwtzm G (d9) for i=1,...,N.
8: end for
9: if an estimate of the solution of problem (1.1) is needed at time ¢ then
10: Choose
m; = argmax Zg?)’N
me{l,...,M}
11: Estimate
GZ’N = argmax pim;)’N(H,gi’m;)).
ie{1,...,N}

12: end if
13: end for

99



Chapter 4. Stochastic optimization as Bayesian inference

100



Dictionary filtering

In this chapter, by using the duality between optimization and inference we have
developed in Chapter 4, we investigate a link between matriz factorisation algo-
rithms and recursive linear filters. We describe a probabilistic model in which
sequential inference naturally leads to a matriz factorisation procedure. We refer

to the resulting algorithm as the dictionary filter.

5.1 Introduction

Matrix factorization (MF) algorithms are a cornerstone of modern signal process-
ing, machine learning, and, more generally, computational linear algebra. For-
mally, we are interested in solving the problem of factorizing a data matrix Y €
R™*™ ag

Y ~CX (5.1)

where C' € R™*" is the dictionary matriz, the columns of X € R"™*" are coefficients,
and r is the approximation rank. In this chapter, we assume all matrices are real-
valued. We are interested in computing both C' and X recursively, or online, using
a single (column) data vector at each time to update the factors.

Matrix factorization methods became popular with the work on nonnegative
matrix factorization (NMF) of [162]. The authors considered the factorization of a

nonnegative data matrix ¥ € R"*" into nonnegative factors C € R and X €
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R™ using a multiplicative gradient descent method (see [163] for a convergence
proof). The algorithm has received significant attention due to its ability to learn
important and interpretable features in an unsupervised way. Following [162],
similar algorithms were also proposed for real-valued matrices and factors, as in
our formulation (5.1), especially when the primary interest is the prediction of
entries but not necessarily obtaining interpretable features. Optimization-based
approaches became popular in that avenue, i.e., taking a cost function of the form
d(Y,CX) and minimizing it with respect to C' and X using optimization algorithms
such as projected gradient descent for NMF [164] or alternating least-squares for
real MF [165]. There has been a seemingly inexhaustible research activity in this
area and a full literature review is out of scope for this thesis.

Similar to the optimization-based ideas, probabilistic approaches to MF have
received considerable attention. Compared to the optimization-based methods
which try to obtain point estimates of the factors, probabilistic methods aim at
capturing the posterior distribution over the factors, hence quantifying the un-
certainty. The authors of [166] introduced a Gaussian model for real-valued MF
to estimate movie ratings where factors were assumed to have independent and
identically distributed (iid) entries. Similar ideas have been proposed for nonneg-
ative factorizations [167]. Also a probabilistic interpretation of batch NMF was
introduced in [168] deriving multiplicative update rules as a variational inference
scheme.

All these methods were batch techniques, meaning that they require the whole
dataset to update each factor at each iteration. With the rise of big datasets,
these ideas became infeasible to apply. On the optimization side, the research
focus increasingly shifted to stochastic optimization algorithms which enabled im-
plementations of MF for large datasets. In one of the early works, NMF has been
extended to the incremental setting [169]. A canonical stochastic gradient descent
(SGD) based approach for general MF can be found in [170] which can be applied
entry-wise or column-wise to solve the problem in (5.1). Similarly, one can apply
the same idea to any type of differentiable cost, such as regularized versions of the
cost function proposed in [170], and obtain a MF method. The idea is extended
in several ways, see e.g. [171, 172]. One of the fundamental limitations of these
algorithms are their step-size tuning problems, a problem which has received much
attention recently, see e.g. [65, 68, 173]. Every different dataset requires a differ-
ent step-size and decay rate of the step-size, usually set after conducting empirical
tests.

Compared to stochastic optimization based works, online versions of probabilis-

tic MF have received less attention. The work in [174] followed the probabilistic
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interpretation of NMF given in [168] to propose a sequential Monte Carlo based
NMF algorithm. However, this algorithm was only applied to low dimensional
problems and its applicability to realistic settings remains unclear. In [175], the
same batch NMF model of [168] was implemented with stochastic variational in-
ference techniques in the online setting.

On the other hand, sequential inference for matrix-variate linear dynamic
models independently received some interest for different applications, see, e.g.
[176, 177]. A different perspective, closer to our approach in this chapter, was
introduced in [178], where matrix-variate update rules for Hessian matrices were
derived as analytic inference rules in probabilistic models. As a result, the authors
of [178] obtained quasi-Newton algorithms from a probabilistic perspective. How-
ever, [178] focuses on symmetric matrices whereas in this thesis, our focus is more
general, non-square matrices.

In this chapter, we highlight a connection between online matrix factorization
and sequential probabilistic inference. In doing so, we propose a matrix-variate
dynamic linear probabilistic model in which sequential approximate inference leads
to an online matrix factorization algorithm. More specifically, we derive a matriz-
variate recursive filtering method that can be readily interpreted as an online MF
technique. This probabilistic characterization brings several advantages. First,
since the proposed method is based on an explicit probabilistic model, it enables
the user to naturally incorporate further prior knowledge on factors (by extending
the model we put forward) or dealing with non-stationary data in a principled
way by putting dynamics on the dictionary matrix (see Section 5.3.3). Therefore,
the proposed framework makes it easier to develop application-specific models
and inference procedures. Secondly, from a practical perspective, compared to
other online methods, the inference method we propose removes the need of step-
size tuning and involves only easy-to-tune parameters. Specifically, the proposed
algorithm does not require any step-size parameter. Its role is played by an r x
r covariance matrix that is updated automatically at each iteration. We note
that this is different (and computationally much cheaper) than a second-order
Hessian-based approach [51], where the Hessian matrices there would need to be
of the same dimension as the vectorized dictionary matrix, which is impractical
in this case. Finally, as opposed to the simulation-based probabilistic MFs such
as [174, 179], which only obtain samples from the posterior of the dictionary,
the proposed method obtains an analytical form of the posterior distribution in
terms of a Gaussian, which enables the user to quantify the uncertainty over the
dictionary or diagnose convergence.

The rest of the chapter is organised as follows. We introduce the probabilistic
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model for the factorization problem in Section 5.2. Two online algorithms are
derived in Section 5.3. In Section 5.4, we compare our algorithm with some popu-
lar optimization based methods. Some illustrative experimental results on image

restoration and video modeling are presented in Section 5.5.

5.2 Probabilistic model

5.2.1 Model

Recall that Y € R™*™ denotes the data matrix, C' € R™*" is the dictionary
matrix, with approximation rank r, and X € R"*™ is the coefficient matrix. The
i-th column of the data matrix is denoted Y'(:,7) and we use {1,...,n} to denote
sets of consecutive indices.

Let us consider a random mechanism for the collection of data vectors. In
particular, assume that, at time k, we sample an index ¢; from the uniform proba-
bility distribution over the index set {1,...,n}, and use it to select the data vector
yr = Y (3, i) (specifically note that y; denotes the observation at time k, not the
k-th column of V). Similarly, the ig-th column of X is denoted ) = X (:,4x). We
use ¢ = vec(C) to denote the vector form of the dictionary, while ¢ = vec(C})
denotes its estimate at time k. We assume a probabilistic model linking these

factors, namely,

p(c) = N(eico, Vo @ L), (5.2)
p(ykle, vx) = N (yg; Cap, A @ Ly,), (5.3)

where p(c) is a prior pdf on the dictionary vector ¢, Vj is an r x r a priori covariance
matrix (identical for each column of C'), ¢g is an mr x 1 mean vector, A > 0 is
a scale parameter and p(yk|c, xx) is the conditional pdf (assumed Gaussian) of
the data vector y; given the dictionary C' and the coefficient vector zp. The
covariance matrix V encodes the prior knowledge of correlations between columns
of C'and A models how informative the observations are (similar to a regularisation
parameter in optimization based approaches). In this model, xy is a static unknown
parameter, while ¢ and y; are random vectors.

Intuitively, model (5.2)—(5.3) implies that y; ~ Czj (and, hence, Y ~ CX),
where A controls the magnitude of the approximation error. Notice that, using the

identity (1.3) for Cxy, we can rewrite (5.3) as
plykle, mr) = N(yrs (2 @ In)e, A @ L) (5.4)

and we express the model in terms of the vector form of the dictionary. Treating

c as a latent vector with observation matrix :1?;— ® I,, enables us to use standard
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linear filtering recursions in vector form. We will show, however, that working
with the matrix form of the dictionary is also possible and leads to a significant

reduction in computational complexity.

5.3 Algorithm

We assume the coefficient vectors xj are deterministic parameters for which we
aim at computing point-estimates, whereas the dictionary C' is a latent random
matrix and we aim at computing its posterior probability distribution (given the

data in Y'). The two problems are addressed in this section.

5.3.1 Parameter estimation

Let us assume that Cj_1 is an estimate of the dictionary matrix computed at time
k — 1 (by a procedure to be specified later). We propose to compute a maximum
likelihood estimator of the coefficient vector zy, given the dictionary Ci_1 and the

data y, namely,

xy, = argmax p(y|ck—1, k), (5.5)
Ty

where c;_1 = vec(Cg_1). Since the density in (5.5) is Gaussian, with mean Cy_1xy,

the estimator can be easily computed and yields
i, = (CL1Ch1) " Ol (5.6)

We use this update rule for the coefficients in the experiments of Section 5.5.

5.3.2 Inference of the dictionary matrix

Let us assume that z;, = x7 is fixed via the rule in Eq. (5.6) and drop it from the
notation for simplicity. Model (5.2)—(5.4) can then be rewritten as

plc) = N(cco, Po), (5.7)
pyrle) = N(yr; Hie, R), (5.8)

where x;, = 2} is implicit, Py = Vo ® I,;, and R = A ® I,,. The observation matrix
for this model takes the form H; = l‘;;’T ® I, and hence it is assumed known.
Given (5.7)-(5.8), the posterior distribution of ¢ given the data sequence y1.j is
Gaussian and can be computed exactly [5]. To be specific, the posterior pdf is

Gaussian, p(cly1.x) = N(¢; ¢k, Pg), with mean ¢ and covariance matrix Py, and
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can be computed exactly using a Kalman filter, which can be described by the

recursive equations [5]

ek = cr—1+ Po_1Hy (HpPr—1H, + Re) (yr — Hick—1), (5.9)
P, =Py 1 — Py_1H} (H,Py_1H, + Rp) 'HyPy_1. (5.10)

The algorithm is initialised with ¢y and Py in (5.7).

Implementing the update rules (5.9)—(5.10) is computationally inefficient, how-
ever, when ¢ € R™" is large dimensional. They require the storage of a potentially
very large matrices (Hy is m X rm and Py is rm x rm) which can easily make the
algorithm impractical. To circumvent this limitation, we propose an equivalent,
yet computationally more efficient, pair of equations for the update of the dictio-
nary matrix Cy = vec,, ., (cx) and the covariance matrix Vj (with dimensions r x r
and initialised with the matrix Vj in (5.2)). The following two propositions state

the form of the update rules.

Proposition 5.1. The posterior covariance matriz Py in (5.10) can be written as
P, =V, ® I, for k>0, where

Vi = <Vk—1 Vi) Vi

, kE>1. 5.11
x;—Vk_lxk + A ) Jork = ( )

and Vy 1is given by the prior pdf in (5.2).

Proof. See Appendix A.4. O

Proposition 5.2. The posterior mean ci in (5.9) can be rewritten, in matriz

form, as

(yr — Ck—lxk:)xgvjj_l

Cr =Cr_1 +
b ol mng_lxk+)\

, (5.12)

where Cy, = vec;llw(ck) is the posterior expectation of the dictionary matriz C' and

the sequence {Vi; k > 0} is computed as in Proposition 5.1.

Proof. See Appendix A.4. [J

The complete procedure is outlined in Algorithm 5.1. We hereafter refer to
this method as the dictionary filter (DF). Note that this procedure has iteration
complexity O(mr? + r?). In high-dimensional scenarios where m > r, we have
O(mr?).
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Algorithm 5.1 Dictionary Filter

1: Select Cy randomly, choose an initial covariance matrix Vg5 > 0, and set k = 1.

2: repeat
3: Pick yr, = Y (:, %) where iy, is drawn from the uniform distribution over the
index set {1,...,n}.
4: Update the coefficient vector, the dictionary matrix and the covariance
matrix as
Lk = (Ol;rflck—l)_lcl;[lyk
T
r— Cr_12p)x, Vi
Ck:Ck—1+(y T1 )k 1
A+ Z Vi_1xg
Vic1zpay, Vi1
Vie=Vie1 — T—k,
Z,, Vk_1$k + A
respectively.

5: kE+—Lk+1

6: until convergence

5.3.3 Dynamic dictionary filter

When the dataset is a (possibly nonstationary) time series, such as in video mod-
eling problems, the prior (5.2) on the matrix C' can be misleading since it assumes
that a single dictionary for all data points can be sufficient. In these cases, one

can allow C' to be time-varying. Hence, we obtain a state-space model

p(¢o) = N (€o; co, Vo @ Iy), (5.13)
p(Ck|Cr—1) = N (Ck; Ck—1,Q ® L), (5.14)
DYkl 7)) = N (Yg; Cpapes A @ L), (5.15)

where @ is a r X r covariance matrix. A simple modification of Algorithm 5.1 is
sufficient to conduct inference in this model. Given the mean-covariance estimate

(Cr—1,Vk_1) at time k— 1, one needs to compute the predictive covariance matrix,
Ve =Vic1 +Q,

and use f/k instead of Vj_1 in all substeps within the step 4 of the Algorithm 5.1.
We refer to this modified version as the dynamic dictionary filter. Intuitively, the
dynamic version allows the algorithm to adapt the dictionary when the contents
evolve quickly over time, such as in a sequence of video frames. We demonstrate
how this property of the dynamic dictionary filter is useful in highly nonstationary

problems.
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5.4 Links with stochastic optimization

Our algorithm relates to the MF algorithms that use stochastic optimization based

approaches. In the literature, MF problems are often formulated as [170]

n
min |V — CX||h =) llyx — Caxll3.
’ k=1

Let us assume that xj is set as in Algorithm 5.1 given each yi. Then, the SGD

implementation for estimating C' becomes the update rule
Cr = Cr1 + e (yp — Crr2p)2y (5.16)

where the positive step-size v; must be tuned to achieve the best convergence
rate. In particular, it must satisfy, Y oo, vx = 00 and Y s ;77 < oo in order to
guarantee convergence [60]. In practice, it is usually chosen as 7, = a/k®, where
a > 0and 0.5 < 8 < 1. The SGDMF method has iteration complexity O (mr+1r3)

which reduces to O(mr) when m > r.

It can be seen that the update rule (5.16) is related to the filtering update rule
(5.12). In our algorithm, in contrast to SGD, we do not have a step-size parameter
Yk, instead we have the gain matrix Vi_1/(\ + x;—Vk_lmk)) which is updated at
each iteration with the posterior column-covariance Vi. Note that, our approach
is not identical to the second-order SGD or the full filtering recursions, which are
equivalent under some assumptions [180]. Those approaches would be infeasible
for our problem because the full covariance or Hessian matrices are too big to store

and update compared to Vi, which captures only the posterior column covariance.

It is also possible to relate our algorithm to another class of stochastic optimiza-
tion methods, called incremental proximal methods [84]. A proximal approach to
the same cost function would give the update rule (see [181] for an explicit deriva-

tion)

(yx — Cr_17%)T)

Cr = Cr—1+
F ol )\—F.TU;l'k

which is a special case of our algorithm (specifically if one sets Vi_; = I, at each
iteration). This would be obviously unjustified from the probabilistic perspective.
We refer to Chapter 4 for the relationship between filters and proximal algorithms,

see also [91].
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Original Images

Corrupted Images Dictionary Filter

Figure 5.1: Comparison of the proposed algorithm (DF) with stochastic gradient descent
matrix factorization (SGDMF), and nonnegative matrix factorization (NMF). The NMF
method was iterated 1,000 times. (a) Four original images out of the 400-member dataset.
(b) Corrupted images. (c¢) Output of the DF algorithm. (d) Output of the SGDMF algo-
rithm. (e) Output of the NMF algorithm. The RMSE values attained by the algorithms
are 10.26 (DF), 10.13 (NMF) and 10.79 (SGDMF), starting from an initial RMSE value
70.54.

Figure 5.2: Results with non-uniform corruptions. The initial RMSE is given by 58.6536.
The algorithms attain RMSEs as (i) Dictionary Filter: 6.8684, (ii) SGDMF: 7.9709, (iii)
NMF RMSE: 6.9336. It can be seen that in this scenario the DF outperforms other
methods in terms of the RMSE performance.

5.5 Experiments

5.5.1 Image restoration

We tackle an image restoration problem on the Olivetti dataset [168]. This dataset
consists of 400 face images of size 64 x 64. We vectorize each face into a column
vector with dimension m = 4096. Since there are 400 faces, n = 400. We chose
an approximation rank r = 40 and A = 2. The factors Cy and X, are initialized
randomly, without imposing any structure. We choose Vy = I, for this particular
dataset (other choices do not seem to lead to better performance). It is up to
the user to encode any prior knowledge about the dictionary using the covariance
matrix Vj.

We deal with missing data in the images by putting masks into the model and
extending the update rules for the missing data case. First, the inference step can
be extended easily. We define a mask M for the whole dataset Y and denote the
mask associated with y as my, more precisely my = M (:,ix) as yr, = Y (3, ir). Note

that M is known, i.e., we know the positions of missing entries. In Algorithm 5.1,
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for the update of C} (inference step), we simply replace the term (yr — Cr_12k)
by mi ©® (yr — Cr—12r) where ® denotes the Hadamard (elementwise) product.
This corresponds to assuming having observations of the form mj © y; with mean
mg®(Czk). Then, in accordance, we also have to compute the maximum likelihood
parameter estimator x; with missing data. This corresponds to solving the least

squares problem
min [|my, © (yr — Cr171) I3 (5.17)

For this purpose we construct a special mask, My = [my,...,mg]. The rationale
—_——

7 times

behind this mask can be made explicit by observing that
my © (Y — Ck—12k) = my © yp, — (My, © Cg—1)zy.-
Hence solving (5.17) is equivalent to solving the following least squares problem
min [y © g — (M © Cr-1)zkl3

which, in turn, reduces to the solution of a problem of the form b ~ Ax with
b=m; ®yr and A = M} ® Cr_1. Hence the solution can be found by applying

the update rule (pseudoinverse operation),
zp = (M © Cpo1) T (M © Ci—1)) ™ (M5, © Cro1) T (mi © ),

in Algorithm 5.1 for xy.

We compare the performance of the DF, SGDMF [170] and NMF [162] algo-
rithms. NMF can be considered as a standard benchmark for image restoration,
yet we recall that it is a batch (non-recursive or offline) method. SGD is an online
procedure, the same as DF. The implementation of SGDMF is similar to ours —
the C SGD update followed by the same update rule (5.6).

The results of applying the three techniques can be seen in Fig. 5.1 and Fig. 5.2,
along with quantitative results (root-mean squared error (RMSE) values) in the
captions. In the former, in order to construct images with missing data, we ran-
domly removed a patch consisting of %25 of all columns (for all 400 faces)!. In
the latter, we randomly remove patches of the images in order to construct im-
ages with missing data. The SGDMF and DF algorithms were passed 10 times
over the dataset recursively (i.e., with £ = 1,...,10n). The sample images show

that the proposed algorithm works well perceptually, and achieves an RMSE very

!The relative performance of the three methods remains similar when we change the percentage

of missing data.
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Figure 5.3: Values of diagonal and upper triangular entries of Vi_1/(A + o] Vi_121). As
our update rule can be decomposed as the “step-size” and the gradient, we can see these
values as step-sizes. From this perspective, it can be seen that our algorithm automatically

tunes the step-sizes.

close to the NMF algorithm (and better than SGDMF') with a significantly lesser
computational cost.

The behavior of the entries of the matrix Vi_1 /(A + ] Vi_121) can be seen
from Fig. 5.3. As we initialized Vj = I, diagonal values can be seen in the upper
cluster in the plot which are decreasing from one to zero. Non-diagonal entries are
initialized as zero and took nonzero values before again converging to zero. The
figure hints that, as the entries go to zero, the algorithm converges empirically.
This provides a natural and automated step-size tuning procedure in the form of
posterior covariance matrix, which frees the user from the notorious task of step-
size tuning. Note that second-order optimization-based approaches, or the full
filtering approach, would require to store an mr x mr matrix where mr = 163, 840
in this case, which practically renders these approaches infeasible since a matrix
of dimension mr x mr is not possible to fit into the memory. In contrast, our
algorithm only requires to store r x r matrix where r = 40, which is a lightweight

computation, hence it reduces the computational burden significantly.

5.5.2 Video modeling

In this experiment, we test our algorithm on a video modeling task. The aim is
to track a sequence of low dimensional subspaces of the video frames and recon-
struct them successfully. The video is taken from Youtube 8M dataset [182] and
it has T' = 450 frames with size 360 x 640 after preprocessing. We vectorized the
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Figure 5.4: The boxplot of NMSEsxrun-time for 450 frames of the video for each frame. It
can be seen that dynamic DF attains lower error levels compared to SGDMF and INMF.
The dynamic DF takes 26.7191 seconds to run while SGDMF and INMF take 23.8624 and
20.7956 seconds respectively. While our algorithm is slightly slower, it can be seen that it
is the most favorable when combined with the NMSEs.

video and obtained a dataset consisting of a 230400 x 450 matrix. The task is to
sequentially process the video frames and obtain a sequence of dictionaries and
coeflicients that result in low reconstruction errors for all frames of the video. In
this experiment, we have used the dynamic dictionary filter (dynamic DF) algo-
rithm as explained in Sec. 5.3.3 with @ = ¢l where ¢ = 0.05 and A = 2. For
comparison, we have implemented SGDMF [170] and the incremental nonnegative
matrix factorization (INMF) [169]. We have chosen the rank r = 10 for all algo-
rithms. For SGDMF, we have chosen a constant step-size 0.1 and for INMF, we
have chosen @ = 0.9. The results can be seen from Fig. 5.4 in terms of running
times and normalized mean squared errors (NMSE). From the results, it can be

concluded that dynamic DF arises as a favorable dictionary learning scheme.
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6.1 Conclusions

The contribution of this thesis is twofold. First, we have proposed novel methods
for stochastic filtering of high-dimensional and/or misspecified state-space models.
Second, we have developed probabilistic methods for stochastic optimization in
order to tackle inherent difficulties in mainstream stochastic optimization methods.

In particular, in Chapter 3, we have proposed a simple modification of the
particle filter which, according to our computer experiments, can improve the
performance of the algorithm (e.g., when tracking high-dimensional systems) or
enhance its robustness to model mismatches in the state equation of a SSM. The
modification of the standard particle filtering scheme consists of an additional
step, which we term nudging, in which a subset of particles are pushed towards
regions of the state space with a higher likelihood. In this way, the state space
can be explored more efficiently while keeping the computational effort at nearly
the same level as in a standard particle filter. We refer to the new algorithm as
the “nudged particle filter” (NuPF). While, for clarity and simplicity, we have
kept the discussion and the numerical comparisons restricted to the modification
(nudging) of the conventional BPF, the new step can be naturally incorporated to
most known particle filtering methods.

We have presented a basic analysis of the NuPF which indicates that the al-
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gorithm converges (in L,) with the same error rate as the standard particle filter.
In addition, we have also presented an alternative interpretation of the NuPF as
defining a data-dependent implicit model, which might shed some light onto why
the NuPF tends to outperform the BPF in computer simulations when there is
some mismatch in the state equation of the SSM.

The analytical results have been corroborated by a number of computer exper-
iments, both with synthetic and real data. In the latter case, we have tackled the
fitting of a stochastic volatility SSM using Bayesian methods for model inference
and a time-series dataset consisting of euro to US dollar exchange rates over a
period of two years. We have shown how different figures of merit (model evi-
dence, acceptance probabilities or autocorrelation functions) improve when using
the NuPF, instead of a standard BPF, in order to implement a nested particle
filter [141] and a particle Metropolis-Hastings [140] algorithm.

Although we have shown through numerical examples how the NuPF improves
the performance of conventional particle filters (e.g., with misspecified or high-
dimensional models), we do not claim that it can alone solve the degeneracy prob-
lem [131, 35]. While pushing particles into high likelihood regions makes it more
probable that nudged particles have even weights, degeneracy should still be ex-
pected for certain models.

Since the nudging step is fairly general, it can be used with a wide range of
differentiable or nondifferentiable likelihoods. Besides, the new operation does not
require any modification of the well-defined steps of the particle filter so it can be
plugged into a variety of common particle filtering methods. Therefore, it can be
adopted by a practitioner with hardly any additional effort. In particular, gradient
nudging steps (for differentiable log-likelihoods) can be implemented using auto-
matic differentiation tools, currently available in many software packages, hence
relieving the user from explicitly calculating the gradient of the likelihood.

Similar to the resampling step, which is routinely employed for numerical sta-
bility, we believe the nudging step can be systematically used for improving the
performance and robustness of particle filters.

Next, in Chapter 4, we have developed a probabilistic perspective for proximal
and incremental proximal methods. We have shown that a probabilistic setting
can provide a systematic way to derive algorithms when this is not possible from
the classical perspective. In particular, within an online setup, we have argued
that the use of filtering algorithms corresponds to employing an IPM-type scheme
for optimization. However, filtering algorithms have natural dampening mecha-
nisms for parameter updates, as they refine their uncertainty over the solution

iteratively. This line of work can be pushed forward in a number of different di-
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rections. First, different Kalman filters can be used in a similar way to get more
advanced optimization schemes for more complicated problems. Among the candi-
dates, the unscented Kalman filter (UKF) [12-14] and the Ensemble Kalman filter
(EnKF) [15-19] can be useful to tackle high dimensional, possibly time-varying,
optimization problems. Second, this approach can be extended beyond quadratic
functions by exploiting the relationship between exponential families and Breg-
man divergences [183]. When the likelihood belongs to the exponential family,
the cost function can be expressed in general as a Bregman divergence. In that
case, since the Gaussianity assumption is violated, one needs to resort to more
complicated numerical algorithms, such as particle filters [25] or other advanced

filtering methods.

As our second main contribution in Chapter 4, we have proposed a parallel
sequential Monte Carlo optimizer to minimize challenging cost functions, e.g.,
with multiple global minima or with wide flat regions. The algorithm uses jittering
kernels to propagate samples [151] and particle kernel density estimators to find
the minima [159], within a stochastic optimization setup. We have shown that, on
a single (local) node, the algorithm is provably convergent. On the global level, we
argue that the parallel setting where each sampler uses a different configuration
of the same dataset can be useful to improve the practical convergence of the
algorithms. The numerical performance of our algorithm in difficult scenarios

shows that this is a promising direction.

Finally in Chapter 5, by exploiting the relationship between optimization and
inference, we have recast the matrix factorization problem Y ~ C'X as a linear fil-
tering problem and proposed efficient matrix-variate update rules for the posterior
mean and covariance of the dictionary matrix C. As a result, we have obtained
an online algorithm for matrix factorization that is flexible and computationally
efficient. In particular, we have noted that the proposed method has O(mr?) com-
plexity which is independent of the number of data points. We have empirically
demonstrated that the overhead of the DF compared to the SGDMF, which has
O(mr) complexity, is small. We have also shown that the algorithm is competi-
tive with the state-of-the-art methods in an image restoration example as well as
on a video processing example which demonstrates that the proposed algorithm
can successfully learn nonstationary and dynamic signals. Unlike the stochastic

gradient based approaches, our algorithm does not need any parameter tuning.
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6.2 Future work

The stochastic filtering and optimization methods that we have devised within this

thesis can be extended in various ways.

In particular, the general nudging scheme we have proposed in Chapter 3 can
be used improve the performance of other SMC methods, such as auxiliary particle
filters [147]. Moreover, it can also be used within Kalman-type filters, such as in
an EnKF [17], or even in a regular Kalman filter (when the model is misspecified)
as we have demonstrated in Chapter 3. The method can also be used to improve
parameter estimation methods which rely on SMC-type algorithms, as we have
shown in Chapter 3 for the pMH and the NPF schemes. However, the method
can be plugged in to any other generic parameter estimation method which uses
SMC as well. From a practical perspective, the NuPF can be improved and be
made parameter-free. Particularly, when the gradient step is used as a nudging
step, one can incorporate line-search schemes in order to obtain a parameter-free
nudging scheme. On the theoretical side, the analysis of the NuPF in misspecified
case remains an open problem that we plan to tackle. In particular, the empirical
evidence points to the fact that the NuPF leads to higher marginal likelihoods
compared to the BPF, however this is a conjecture that remains to be proven.
Quantifying this improvement compared to the classical case can give important
insight to develop novel methods for tackling misspecified models in the real world.

The methods we have proposed in Chapter 4 can be extended in various ways.
The probabilistic interpretation we have developed for the stochastic optimization
methods is general. In other words, one can use the whole Bayesian machinery to
implement the general Bayes recursion (4.2). Moreover, one can also extend the
interpretation to tackle regularized cost functions. To be specific, the algorithms
we have provided tackle the minimization of the cost functions of form f:=)", f;
where f; are component functions. One can also extend this probabilistic approach
to minimize cost functions of the form f+ g where g is a regularizer. In particular,
the probabilistic interpretation of the IPM algorithm can be extended to tackle
this case. This approach will lead to the probabilistic extension of the incremental
proximal gradient methods. In this direction, we have done some initial work, see,
e.g., [184].

In order to test the PSMCO method, we have focused on challenging but low
dimensional cost functions. We leave the potential applications of the PSMCO
scheme to high-dimensional optimization problems as a future work. Also the de-
sign of an interacting extension of our method similar to particle islands [185] can

be potentially useful in more challenging settings. Note that as we have provided

116



Chapter 6. Conclusions and future work

a general recursion which leads to a probabilistic interpretation of the stochas-
tic optimization problem, one can use different approximate Bayesian techniques
other than SMC-type methods to solve the stochastic optimization problem. In
particular, variational Bayesian inference [125], optimal transport [186, 187], or
Stein variational gradient descent (SVGD) [188] based methods can be utilized in
order to obtain a probabilistic stochastic optimizer.

Finally, the dictionary filter we have presented in Chapter 5 can also be de-
veloped further in different ways. In particular, extending the model we have
proposed for the MF problems can lead to online and efficient algorithms to fac-
torize structured data, such as text, video, audio, or a spatio-temporal time series.
We believe that extensions and explorations of these dynamic settings could lead

to useful algorithms to deal with high-dimensional time-series data.
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Proofs

A.1 Proofs of Chapter 2

A.1.1 Lemmata for Chapter 2

In order to prove theorems in this section, we need a preliminary lemma, which

can be found, e.g., in [31].

Lemma A.1. Let o, 3,a, 3 € P(X) be probability measures and f,h € B(X) be two
real bounded functions on X such that (h,a&) > 0 and (h,3) > 0. If the identities,

(fha) (fh,5)
(fo) = Gray md (19 =m0
hold, then we have,
- 1 a) — B % a) — A
(F.0) = (£.6)) < G (ha) = A+ G5 (o) = )] (A)

Proof. We write,

|(faa)_(f7ﬁ)|: (h,@) - (h,,@)
1 1
< s () - fhﬁ|+|fh6|‘ f—>]
1 (h, a) — (h, )
< Gy 10, = (0,8 + 141 |
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which leads to (A.1). O

A.1.2 Proofs of Chapter 2
Proof of Theorem 2.1

We first provide the proof for p = 2 for simplicity. We rewrite the Lo norm using

its definition as,

. N . N 2 1/2
(e, m) = (o e )|, = [[(0m) = 5 D ( (k)) =E||e.m) = D¢ ( )
k=1 2 k=1
Writing explicitly, we have,
1 Y ’ 1 ’
E||(gm) = 3> ¢ (w('“)> =E [ (@(w(i)) — (¢, 77))
k=1 i=1

We define S = ¢(2()) — (¢, 7) and note that E[S®)] = 0 and S are independent

random variables. We therefore have,

1 ? 1 N ?]
1 X , 2_
_ 1 (i)
- 2" 59
< Mlell%
g N2 )

since ’S(i)‘ = !cp(x(i)) — (¢, m)| < 2||¢|loo- Therefore, we have,

2|||l
N o)
y ) — , T S )
[to.m) = (.7, < =7
where ¢o = 2 for the simplest case.
We now proceed to general integer p > 1. Assume we have (), 1.i.d. from 7

as before. We first write,

1o m™) = (@, Pl — E [

We define S®) = () — (p,7) and note that S, s = 1,..., N are zero-mean

and independent random variables. Using the Marcinkiewicz-Zygmund inequality
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[129], we arrive at,

RS (z’)p Bop 2 :
By 2osO | s el X8
=1 =1
B D
< 7 (N4llell%)*

where B, is a constant independent of N and the last inequality follows from
‘S(i)‘ = ‘gp(:c(i)) — (¢, 7[')‘ < 2||¢||co- Therefore, we have proved that

ol oo

N
I, ™) = (@, m)lp < /N

where ¢, = QB;/ P is a constant independent of N. [J

Proof of Corollary 2.1

Take p > 4. We recall that, by Theorem 2.1, for any p > 1, we have,

N cpllelloo
(@, ™) = (@, m)lp < R

We start by defining a nonnegative random variable U, ,
k
ERT B _1—¢ N|P
Up,e—klingozNQ ’(90771-)_(3077(- ‘ .
N=1
Using Fatou’s lemma and Theorem 2.1 together, we obtain,
E[Up < Y NEE || (p,m) = (0]

o0 D P
< Z NE-1-€€ H@Joo
N=1 Nz

o
=Pl Y N7 < 0.
N=1

Since a random variable with finite expectation implies that the r.v. is almost
surely finite, we conclude that U, ¢ is a.s. finite. Next, we write,

P_q1_—
N2 (o) = (0, 7™)[7 < Upes

which yields,

U,
(@, m) — (o, 7] SN?‘S_(S,

1
where § = % and Us = (Upe)r. Since p > 4 and 0 < € < 1, we conclude

0<do< % The almost sure convergence follows when we take N — oo. [
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Proof of Theorem 2.2

We recall the weighted measure,

7 (dz) = ;:1 w'6,i)(dz) where w' = 7§V:1 R
and the following relations,
(()0 7q) ~N (90”an)
_ (oW = =/ A2

for the true integral (¢, 7) and its SNIS estimate (¢, 7). Using Lemma A.1
together with (A.2), we obtain,

1
(W,q)

(Ielloe |(Woq) = (W,g™)| + [ (W, q) = (W, ¢V)]) -
(A.3)

‘((pvﬂ-) - (QO, ﬁ'N)‘ <

where (W, q) > 0 by assumption. Using Minskowski’s inequality, we can obtain
from (A.3) that,

1
W, q)

(lelloo 17, @) = (W, g, + | (eWs0) = (oW a™)], ) -
(A.4)

(@) = (0, 7V, < (

Now Theorem 2.1 and (A.4) together yield,

1 <H‘PH BPHWHOO_‘_BPHW(PHOO>
(W, q) * VN oA

Noting that we have ||oW oo < [|¢]loo]|W||c0, We obtain,

H(gp,ﬂ) - (‘P:’ﬁN)Hp S

lom) — (o, 7)), < el

VN

where,

_ 2Wlie By

c = 2||w||co By,
4 (VV,q) || HOOP

is a constant independent of N. [J

Proof of Theorem 2.3

We follow the same kind of induction argument as in, e.g., [30] and [145].
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(z)

For the base case, i.e. t = 0, we draw z;’, ¢« = 1,..., N, iid. from my and

P] 1/p

We define Sé) = p(z (Z)) — (¢, m) and note that S(()i), it =1,...,N are zero-mean

and independent random variables. Using the Marcinkiewicz-Zygmund inequality

obtain,

> (o)) - (.70)

=1

(2, m0) = (0, m0) H,,—IE[

[129], we arrive at,

N
1
E|l=
[N—

> sy
=1

p
J< e (St

< Bop
<

(N4llel%,)*

where By, is a constant independent of N and the last inequality follows from
‘S(()Z)‘ = ‘cp(x(()z)) - ((p,ﬂ'o)‘ < 2||¢||lco- Therefore, we have proved that Eq. (2.42)
holds for the base case,

N co,plllloo
» T - , T S ’
e, = (o)l < 222

where cg ), = 2B(1)’/pp is a constant independent of V.
The induction hypothesis is that, at time t — 1,

Ct—1,p]|Plloo

H(‘Pa“ﬁl) - (80:7Tt—1)Hp < N

for some constant c;_1, < oo independent of N.

We start analyzing the predictive measure &Y,

=

9 (d) = 1+ 380 (da),

=1

where :Z‘l(ti), 1 = 1,...,N are the particles sampled from the transition kernels
(4) .
Ttxt_l(dxt) £ Tt(dxt]xl(f_)l). Since we have & = mmi—1 (see Sec. 1.4), a simple
triangle inequality yields,
(0. &) = (e &0, = |0, &) = (s eme—n) |,
< H Soagt )_ ((Pth’/Tﬁl)Hp (A5)

+ || (e el y) = (@, i) »
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where,

N
1 (9
(pommy) = = D (o7 7). (A.6)
i=1
For the sampling step, we aim at bounding the two terms on the rhs of (A.5).
For the first term, we introduce the o-algebra generated by the random vari-
ables xé% and xgzl, 1 =1,...,N, denoted F; = J(x(()%,a_cg)t,z =1,...,N). Since

7Y, is measurable w.r.t. F;_1, we can write

1o, o
E[(@)é.gv)‘ft—l] = N Z(@?Tt - 1) = (907Tt7rt]\£1)'

i=1

Next, we define the random variables St(i) = Lp(:f:,gi)) (¢, ;) and note that,

conditional on F;_1, St(i), 1 =1,..., N are zero-mean and independent. Then, the

1 = o)
Ell<Y st fH].
Ni:l

Resorting again to the Marcinkiewicz-Zygmund inequality, we can write,
N 5
B, N2
1=

where By, < o0 is a constant independent of N. Moreover, since ‘St(i)) =

@(2{7) = (@il 1)| < 2|plloc, we have,

approximation error of & can be written as,

EH(@?QN) (9077—t7rt 1)‘ ’}—t 1]

N

p
SN

i=1

ft—l )

N

1 i

=1

p By,
2= 2 2pllR

p
B, 9
ftl] S Npp (N4||90||oo) Np/2

If we take unconditional expectations on both sides of the equation above, then

we arrive at

Clpl

6. 6) = (ol )l < 22l (A7)

where ¢y = 2B, / P < o0 is a constant independent of N.
To handle the second term in the rhs of (A.5), we define (@, m—1) = (¢, T¢7—1)
where ¢ € B(X) and given by,
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We also write (@, 7 ;) = (¢, e 1). Since ||@¢]loo < [|¢]loo, the induction hypoth-

esis leads,

H<907 Ttﬂt]\il) - (‘P, Ttﬂt—l)HP H(@: Wﬁl) - (957 Wt—l)”P
Ct_lvagDHOO
< Gl Pl A8
SN (45)

where ¢;_1 5 is a constant independent of N. Combining (A.5) and (A.8) yields,

l(,6") = (. &), < Cl’“p\/’N(pHOO (A.9)

where ¢; 45 = ci—1 + c1p < 00 is a constant independent of N.
Next, we aim at bounding ||(¢, 7) — (¢, 7V )|, using (A.9). We note that, after

the computation of weights, we define the weighted random measure,

7N i w(i)é where w(i) gt(j:’gi))
t = [ LT SN ()
i=1 K Zf\il gt(%(s ))

The integrals computed with respect to the weighted measure 7?2{\[ takes the form,

~ ((pgtva)

(g, 7y = It ) (A.10)
! (gta&{v)

On the other hand, using Bayes theorem, integrals with respect to the optimal

filter can also be written in a similar form as,

(g1, &)
(p, ) = ) (A.11)

Using Lemma A.1 together with (A.10) and (A.11), we can readily obtain,

1

~N _ N
(o, 71" ) — (0, 70)] Si(gtyft) (lelloo | (ges &) — (g6, 6]

+ | (pge, &) — (pge, &)

), (A.12)

where (g¢,&) > 0 by assumption. Using Minkowski’s inequality, we can deduce
from (A.12) that

1
6.7 = (emll, <oy (lelloo [[(g1: &) = (90, €M),
+ || (pge, &) — (sOQt,é“iV)Hp) : (A.13)

Noting that we have [|¢©gt|lco < ||@]loollgtlloos (A.9) and (A.13) together yield,

N c2,pll#lloo
|G, m) = (0, 7], < = (A.14)
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where

_ 2[lgtlloccrtp

Cotp = < o0
P (9¢,&t)

is a finite constant independent of N (the denominator is positive and the numer-
ator is finite as a consequence of Assumption 2.1).

Finally, the analysis of the multinomial resampling step is also standard. We
denote the resampled measure as ;" . Since the random variables which are used
to construct 7} are sampled i.i.d from 7}V, the argument for the base case can

also be applied here to yield,

~N N ¢3.t.pll Pl 00
» T - , T S P A15
(o 7) = (o), < 4222 (A15)
where c3;), < 00 is a constant independent of N. Combining bounds (A.14) and
(A.15) to obtain the inequality (2.42), with ¢t = ca,tp+ ¢34 < 00, concludes the
proof. I

A.2 Proofs of Chapter 3

Proof of Theorem 3.1

We follow the same kind of induction argument as in the proof of Theorem 2.3.
For t = 0, Eq. (3.12) is satisfied trivially as we draw a:(()z), i=1,...,N,iid. from
my as we have proved in Theorem 2.1. Then the induction hypothesis is that, at
time t — 1,

N i1l
H((paﬂt—l) - (Sovﬂt—l)Hp < \/N =

for some constant ¢;_1 < oo independent of .

The analysis of the approximate predictive measure §,fv is standard and it can

be easily shown that (see the proof of Theorem 2.3)

el el

N
H(Qpaft )7(()0a£t)Hp§ \/N

(A.16)

where ¢1; < 00 is a constant independent of N. After the nudging step we obtain

the random measure étN . The sets of samples {jgl) N |, used to construct &, and

{@gi) N |, used to construct ég\’ as shown in (3.9), differ exactly in M particles,

namely igjl), .. ,:i'ng), where {ji1,...,jm} = Z;. Therefore, we readily obtain the
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relationship

[ CX0]

p

€Lt
2[|p[| oo M
- N
2[|¢loo
VN

where the first inequality holds trivially (since |p(z) — @(2')| < 2||¢||~ for every
(z,2') € X?) and the second inequality follows from the assumption M < v/N.
Combining (A.16) and (A.17) we arrive at

IN

(A.17)

c1,tll oo
VN

where the constant ¢;; = 2 + ¢1; < 0o is independent of V.

[EXR N = (A18)

The rest of the proof is standard. Following the same steps as in the proof of

Theorem 2.3, we can prove that

-N .t pll
H(‘pa ﬂ't) - ((Paﬂ't >Hp < W, (A.19)
where ~
7 (g, &)

is finite a constant independent of N (the denominator is positive and the numera-
tor is finite as a consequence of Assumption 3.1). The analysis of the multinomial

resampling step is also standard (see, again, the proof of Theorem 2.3) and it yields

~N N cstlllloo
) T - ) T S 3 A20
H(‘P t ) (o, )Hp \/N ( )
where ¢3; < 0o is a constant independent of N. We can combine bounds (A.19)
and (A.20) to obtain the inequality (3.12), with ¢; = cg + ¢3¢ < 00, and conclude
the proof. [J

Proof of Lemma 3.1

Since :E,Ei) = igi) + YV, gt(fgi)), we readily obtain the relationships

o(@”) — o@?)| < L||#" - =

2
= Ly H%g(flfﬁi))HQ
< ~LG; (A.21)
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where the first inequality follows from the Lipschitz assumption, the identity is
due to the implementation of the gradient-nudging step and the second inequality

follows from Assumption 3.2. Then we bound the error ||(p, &) — (2, &) |, as

[CX-DRCA]

€Lt p
1 - () (i)
< —
< 32 [le@E @™
1€
M
< — .
< NG (A.22)

where the identity is a consequence of the construction of Z; and we apply Minkowski’s
inequality, (A.21) and the assumption |Z;| = M to obtain (A.22). However, we
have assumed that yM < v/ N, hence

- LG
Ny N LGy
|88~ (.89, <
[l
A.3 Proofs of Chapter 4
Proof of Proposition 4.1
We prove this result by induction. For t =1, let
G1(9)
df) = mo(db .
Since G; € B(0) it follows that
G1(0) supgee G1(0)
su = < o0
veb | (G1,m0) (G1,mo)

because of Assumption 4.1. Hence m; < mp is a proper measure. Assume next, as

an induction hypothesis, that 7p_1 <« mg. Then

Gr(0)

db) = mp_1(dl)————
mr(df) = mr1( )(GTﬂTT—l)
and Assumption 4.1 implies (again) that

suppeo G(0)

< 00,
(Gp,mr-1)
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hence 7y is proper and mp < mp_1 < my. Moreover, the Radon-Nikodym deriva-

tive of the final measure 7 with respect to the prior m is

T n
7 ) o [T Gulo) = exo (— zme)) |
t=1 =1

From here, it easily follows that maximizing this Radon-Nikodym derivative is

equivalent to solving problem (1.1). O

Proof of Proposition 4.2

We aim at minimizing
1 T2, L 2
s(0) = §(y —x )"+ %”9 —Ooll2,vp-
Computing the gradient Vs(6) and setting it to zero yields
Vos(0) = —x(y —x' ) + YV O — 6p) = 0.
By rearranging terms, we obtain
xy —xx'0 ="V, (0 - 6),
which implies
(Yo xx )0 =V b0+ xy.
Finally, solving for 0 leaves us with

0= (v Vi +xx") vV 00 + xy).
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Applying the Sherman-Morrison lemma' (see, e. g., [189]), we can construct the

sequence of identities

Woxx "V
6= (v, — Yo 0
(fYVO 1+vxTVox

.

= (Wo - m> (v V5 00 + xy)
Voxx 6 YWoxx T Voxy

,yfl —|—XTV0X ,771 —|—XTV0X

Voxy(y~! + x"Vox) 7 Woxx " 0y Voxx | Voxy

71y~ + xTVpx) o Yy + xTVpx) - Yy T+ xTVpx)

PR %fXT/‘/axy/Jr _ 'y_’lVoxy B _7’1_V0XXT00 - %fxT/‘/oxy/

AT T xTVx) | vyl xTVox) vy T xTVox) o T x T Vox)
Voxy Voxx "
YL xTVox v L+ xTVox
Vox(y — x ' 6p)

> (v 60 + xy)

= 0o + yVoxy —

=0y +

which is the desired result. [J

Proof of Theorem 4.1
We proceed by an induction argument. At time ¢ = 0, the bound

N co,plllloo
) Uy - ) 7T0 S - =
(o) = (o mollp < 222
is a straightforward consequence of the Marcinkiewicz—Zygmund inequality [129]
because the particles {Héz)}i]il are i.i.d samples from 7.
Assume now that, after iteration ¢ — 1, we have a particle set {‘9151)1}1']\;1 and

the empirical measure 7" | (df;_1) = & PR 6, (dO;—1), which satisfies
t—1

(. m0) = (i), < A=l (229

We first analyze the error in the jittering step. To this end, we construct the

jittered random measure

N

R 1

N () = ~ > 0y (d6)
=1

If A is a square invertible matrix and u,v are column vectors such that A + uv' is also
invertible,
_ _ A tyw T ATE
A L S ht el
(A+uv) 14+0vTA- 1y
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and iterate the triangle inequality to obtain

1o, 7e-1) = (2, 7)) lp <[l 7e-1) = (27 1)llp + (2, 71) = (05 70l
+ e, ml0) = (0,7 lp, (A.24)

where

N
1
mﬁl:/ (016, )7N | (d6,_1) NZ k(2616

The first term on the right hand side (rhs) of (A.24) is bounded by the induction
hypothesis (A.23). For the second term, we note that,

o(67)) - Z/ J(adlo”,)

/@@%—w@am&a

Z\H

‘(‘p?ﬂt]\il) ((pv'k'ﬂrt 1

2|~

™= IIMz

|
:MZ I

¥ 2 [ o) - oo w2,

CHH‘PHOO
< , A.25
- VN ( )

where the last inequality follows from Assumption 4.2. The upper bound in (A.25)

is deterministic, so the inequality readily implies that

cellel
”(907775\11) - (907’{7(1,{\11”17 < H\/NOO' (A26)

For the last term in (A.24), we let F;_1 be the o-algebra generated by the
random sequence {90 41> 9%2—1}1']\;1- Let us first note that
L X
E (o, mlFot] = 3 D E (07 Z/ S(@016%)) = (o, i ).

i=1

Therefore, the difference (o, 7)) — (p, k7Y ;) takes the form
1S
(8077%?[) - (907/171—1{\11) - N Zs(l),
=1

where S0 = (ét(z))—E[ (A(i))\ft 1],i=1,..., N, are zero-mean and independent
(conditionally on F;_;) random variables, with |S®)| < 2|¢|/oc. Then we readily
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obtain the bound
P

E [‘(‘P, ﬁiN) — (¢, "fﬂﬁﬂ‘p‘ .7:1;_1] = %E

N
> s
i=1

P
- BuNElglE
_— Np .

ft—l]

where the relation (A.27) follows from the Marcinkiewicz—Zygmund inequality

(A.27)

[129] and By, < oo is some constant independent of N. Taking unconditional

expectation on both sides of (A.27) and then computing ()% yields

) Cepllel]
(o, 7) = (o, oyl < =2 2= (A.28)

VN

1
where ¢, = B/, is a finite constant independent of N. Therefore, taking together

(A.23), (A.26) and (A.28) we have established that
. c
g m1o) = (o)l <2l (429
where ¢14p = ¢i—1,p + i + & p < 00 is a finite constant independent of N.

Next, we have to bound the error after the weighting step. We recall
Gy(0) G(0)

G and define 7V (df) = 7N (d) ——+—~

m(d) = m—1(d0) (G, 7Y)

where 7Y denotes the weighted measure. We first note that

’(90 7Tt) o (‘P 7~TN)| _ (@Gtﬂﬂt—l) N ((PGbﬁ'tN) + (@Gtvﬁ'iv) - (@Gtaﬁ'tN)
’ o (Grym—1)  (Goal)  (Gumer)  (Grymiea)
< [(9Gr 1) — (0Ge, 7Y )| + lollocl (G, 7Y ) — (G, 1))

- (Gy, m—1)

(A.30)

Then, using Minkowski’s inequality together with (A.29), the inequality (A.30)
readily yields

cLtpllPGtlloc + crtpllPllocl|Gtlloo
(Gy,m-1)VN ’

2¢1,p 1Ml |Gelloo

T (Gy,m)VN

where the second inequality follows from ||¢Gt|loo < [|¢|loo]|Gtllco- More concisely,

(o, me) = (0, 7 )lp <

we have

~ C2t.p||P|loco
(g, m0) = (. 70 < 2220 (A31)
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where the constant

_ 2c1p Gt oo

Cotp = —2T 2 < o0
b (Gy, m—1)

is independent of N. Note that the assumptions on (G¢)>1 imply that (G, m—1) >
0.

Finally, we bound the resampling step. Note that the resampling step consists
of drawing N i.i.d samples from ﬁfv, ie. 9,@ ~ frtN iidfor¢:=1,...,N, and then

constructing

N
1
N — .
Since samples are i.i.d, as in the base case, we have,

_ Sl
g 72%) = (il < PUEke, (A.32)

for some constant ¢, < oo independent of N. Now combining (A.31) and (A.32),

we have the desired result,

N ctllpllo
y Tt) — ) T S
Io.m) = (ol < “2

where ¢; = ¢4 + €, is a finite constant independent of N. [

Proof of Proposition 4.6
Recall the assumption
[Fy(60) — Fy(0")] < €]|0 —0']].

We write F} = mingeg F;(0), which is assumed to be finite, but not necessarily
nonnegative. We first prove that exp(—F;()) is also Lipschitz continuous. Note
that we trivially have exp(—F;(0)) < exp(—Fy) for all 6 since F;(0) > F} for all 6.
Now consider any (0,60") € © x ©. We first consider the case where Fy(0) < Fi(¢').
We obtain

0 < e~ F0) _ ~Fi(0') _ ,~F:(6) (1 _ eﬂ(@)%(@')) 7
<e PO (1 - (14 F(0) - F(9)), (A.33)

where we have used the inequality e* > 1 4 a. Therefore, we readily obtain from
(A.33)

0 < e Fil0) _ ¢ Fi®) < o~FO) (F,(¢) — Fy(8)),
< e (F(O) = Fu0)) = e T R(0) — Fi(0)],  (A34)

133



APPENDIX A. Proofs

since Fy(0) < F(6'). Next, assume otherwise, i.e., F(6) > F(6’). In this case, we
can also show using the same line of reasoning that
e FH0) _ o= FO) < o= (Fy(0) — Fi(8) = e T |F(0') — Fy(6)], (A.35)
since Fy(0) > Fy(0"). Therefore, we can conclude (combining (A.34) and (A.35))
that
e 10 — e B < e F(0) - Fi(0)] < e T aufl0 — 0]

where the last inequality holds because F; is Lipschitz. Finally recall that

_ oxp(—F(0))
L, ’

where Z, = [, exp(—Fi(0))df. We straightforwardly obtain

71',5(0)

e Fie 0 — 0.

!
|me(6) — me(6)] < 7

Tt

O

A.4 Proofs of Chapter 5

Proof of Proposition 5.1

We prove this result by induction. The model is constructed in such a way that
Py =V ® I;, and we assume that Py_1 = Vy_1 ® I,,, with the sequence {V};1 <
I <k —1} computed as in (5.11). To obtain an expression for V} at time k, we
start substituting Hy, = 2] ® I;,, R = A ® I, and Py_1 = Vj—1 ® I,, into (5.10),
which yields

Pr= (Vi1 ® Im) = (Vi1 @ L) (2 @ L) (24 @ L) (Viee1 @ L) (ke @ In) + A © L) ™!

Applying the mixed product property (1.4) repeatedly in the equation above we

arrive at
Pk = (Vk—l & Im) - (Vk’—lxk & Im)((x;—vk—lwk + )\)_1 X Im)(x];rvk—l & Im)7
where we also resorted to property (1.5). Applying the mixed product property

(1.4) again leads to

.
V1232 Vi1 V’“‘1> ® Ipn, (A.36)

= (Vi —
F <k ! l'zvk_lka—l—)\

where the expression between brackets matches the right-hand side of (5.11), hence

P, =V, ® I,, and the proof is complete. [J
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Proposition 5.2

Substituting P,_1 = Viy_1 ® I, (given by Proposition 5.1) Hy = :1:;r ® I, and
R = A ® I, into (5.9) we obtain

-1
e = k1 + (Vis @ L) (01 @ ) (2] © In) (Vi1 @ Tn) (2 © L) + A G L)

X (yk - (xl—cr ® Im)ck—l)-

Repeatedly using the mixed product property (1.4) in the equation above we arrive

at
—1
cr = -1+ (Vi—12, @ Iny) <($;Vk71xk +)® Im) (yr — (x5 @ Ln)ck_1)

and applying (1.5), together with the mixed product property again, yields

Vi1,

———® I, — (24 ® In)ck—1). A37
T e -l e (A3

Ck = Ck—1+ [

If we now use (1.3) on the last term of the right-hand side of (A.37) we obtain

Vie—1xk

TRk o | (s — Cro1),
P v L L (RS REN

Cr = Cgp—1 + [

Vi—17p

T Viian A are vectors, we can rewrite this expression as,

Since (yr — Cx—12) and

Vi1,

—_— | ® I, —C_ . A.38
T +)\> }Vec(yk —1Zk) (A.38)

Cr = Ck—1 + {Vec (

Finally, applying (1.3) to the second term of the sum in the right-hand side of Eq.
(A.38) yields

(A.39)

(yr — Chrzp)z, Vi,
JZ‘;—Vk_l.ﬁk + A ’

Cr = Ckp—1 + vec (

xr(+), we recover the update rule (5.12) and

Now using inverse vectorisation vec

conclude the proof. [
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